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THE BREUIL–ME´ZARD CONJECTURE FOR FUNCTION FIELDS
ZIJIAN YAO
Abstract. Let K be a local function field of characteristic l, F be a finite field over
Fp where l 6= p, and ρ : GK → GLn(F) be a continuous representation. We apply the
Taylor–Wiles–Kisin method over certain global function fields to construct a mod p cycle
map cyc, from mod p representations of GLn(OK) to the mod p fibers of the framed
universal deformation ring Rρ . This allows us to obtain a function field analog of the
Breuil–Me´zard conjecture. Then we use the technique of close fields to show that our
result is compatible with the Breuil–Me´zard conjecture for local number fields in the case
of l 6= p, obtained by Shotton in [Sho18].
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1. Introduction
1.1. Introduction. Let K be a local field of residue characteristic l, and L/Qp a finite
extension with a uniformizer λ and residue field F = OL/λ. Let ρ : GK → GLn(F) be
a continuous mod λ representation. The original Breuil–Me´zard conjecture (cf. [BM02],
reformulated in [Kis09a, Kis10]) is stated for n = 2 and K a finite extension of Ql where
l = p. It predicts the structure of R,τ,vρ /λ in terms of the representation theory of
GL2(OK), where R
,τ,v
ρ is the potentially semistable deformation ring with Weil–Deligne
inertia type τ and Hodge–Tate weights v.
More precisely, the conjecture takes the following form: for each τ,v as above, one asso-
ciates a smooth representation σ(τ) ⊗ σ(v) of GL2(OK) via the theory of types. Let Lτ,v
be the semi-simplified mod λ reduction of an invariant lattice in σ(τ)⊗σ(v). For each irre-
ducible mod λ representation σ of GL2(OK), let nσ(τ,v) be the Jordan–Holder multiplicity
1
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of σ in Lτ,v. The Breuil–Me´zard conjecture then predicts that there exists non-negative in-
tegers µσ(ρ), such that for any (τ,v), the Hilbert–Samuel multiplicity e(R
,τ,v
ρ /λ) is given
by
e(R,τ,vρ /λ) =
∑
σ
nσ(τ,v) · µσ(ρ).
The original conjecture is mostly proved by Kisin in [Kis09b] when K = Qp, using both
the p-adic Langlands correspondence for GL2(Qp) and a global patching argument, and
is used to deduce a modularity lifting theorem and the Fontaine–Mazur conjecture for
GL2. In fact, the argument in [Kis09b] can be reversed to deduce the conjecture from
modularity theorems. This is the strategy used by Gee–Kisin in [GK14] for more general
K and Barsotti–Tate deformation rings. The conjecture has been generalized to all n in a
refined “geometric” form by Emerton–Gee in [EG14], in terms of cycles. There the authors
show that the general conjecture would again follow from modularity lifting theorems.
Recently in [Sho18], Shotton considers a simpler analog of the Breuil–Me´zard conjecture
in the case where K/Ql and l 6= p, and proves this analog under mild hypotheses on ρ
following the strategy of [GK14] and [EG14] – namely using known modularity lifting type
theorems.
In this paper, we give a slight modification of the Breuil–Me´zard conjecture for GLn
formulated in [Sho18] and show that this conjecture holds in the function field setup. In
the remaining of the introduction we briefly explain this formulation and describe our main
results.
The setup is as follows. On the Galois side let R,χρ be the framed universal deformation
ring of ρ with a fixed determinant χ : GK → O
×
L . For a Galois inertia type τ , let R
,τ,χ
ρ be
the reduced quotient parametrizing L-points of the Galois inertia type τ . The deformation
ring R,χρ is reduced, flat over O = OL and SpecR
,τ,χ
ρ is a union of irreducible components
of SpecR,χρ .
1 Let Z(R,χρ ) be the free abelian group on the irreducible components of
SpecR,χρ . Finally, let R
,χ
ρ /λ be the mod λ special fiber R
,χ
ρ ⊗OLF and similarly define
Z(R,χρ /λ).
On the representation theory side, denote GLn(OK) by K and let RL(K) be the Grothendieck
group of the category of smooth representations of GLn(OK) valued in L. Let B
t(GLn) be
the tempered Bernstein spectrum of GLn(K), as defined in [SZ99]. From Subsection 3.2,
the elements in Bt(GLn) correspond bijectively to Galois inertia types. (For comparison,
recall that each element in the usual Bernstein spectrum corresponds to a Weil–Deligne
inertia type).
Roughly speaking, Shotton’s formulation of the Breuil–Me´zard conjecture can be stated
in two parts, a representation theory part given by the “generic multiplicity map” and a
Galois deformation part given by the “component map”.
Definition 1 (Definition 3.13, Corollary 3.18; Definition 4.1).
1Here we assume that L is large enough in the sense of Remark 2.10 (2).
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(1) We define the generic multiplicity map
m : RL(K) = RL(GLn(OK)) −→ ⊕
s∈Bt(GLn)
Z
by setting the s-component of m(σ) to be the integer
dimHomGLn(OK)(σ, πs|GLn(OK)),
where πs is any irreducible generic representation in the tempered Bernstein com-
ponent of s (see Remark 3.5). This map is well-defined thanks to Lemma 3.6 and
Proposition 3.14.
(2) The component map c = cχρ : ⊕
s∈Bt(GLn)
Z −→ Z(R,χρ ) is given by sending 1s to the
irreducible components of SpecR,τs,χρ in Z(R
,χ
ρ ).
The composition c ◦m is essentially the cycle map cyc defined in [Sho18] 2. We can now
state the Breuil–Me´zard conjecture in the case where l 6= p following [Sho18].
Conjecture 2 (Conjecture 4.5). Assume that l 6= p, then there exists a mod λ cycle map
cyc : RF(K) = RF(GLn(OK)) −→ Z(R
,χ
ρ /λ)
making the following diagram commute:
RL(K)
⊕
s∈Bt(GLn)
Z
RF(K) Z(R
,χ
ρ )
Z(R,χρ /λ)
m
red cyc
cχρ
cyc
red
Note that by surjectivity of the reduction map on the left, such a cyc is necessarily unique.
From this slight change of perspective, the relation between conjecture 2 and the classical
form of the Breuil–Me´zard conjecture (due to Breuil–Me´zard [BM02] and Kisin [Kis10])
becomes more transparent, with the theory of tempered types (and K-types) providing
a bridge between them. To be more precise, we recall the following (folklore) conjecture:
there exists a section σt of the generic multiplicity mapm which sends 1s = (· · · , 0, 1, 0, · · · )
to an irreducible representation of K for each s ∈ Bt(GLn). Such a section is called a typical
section in the article.
The existence of σt is closely related to the existence of types in the theory of admissible
representations of compact subgroups of GLn(K). Assuming σt exists, our Breuil–Me´zard
2with two minor differences: (i), we consider a fixed χ, which seems to give finer information, and
implies the version without specifying the determinant. See Remark 4.7. (ii), for aesthetic reasons we have
untwisted the cycle map in [Sho18] by an involution ι : RL(K) → RL(K), which is given by taking dual
representations.
THE BREUIL–ME´ZARD CONJECTURE FOR FUNCTION FIELDS 4
conjecture then implies the classical formulation (cf. Subsection 4.1, in particular 4.1.3).
Moreover, the existence of any section, not necessarily typical, would imply that Conjecture
2 does not provide extra information about smooth representations of K = GLn(OK) than
the classical form. However, the cycle map cyc provides more refined information than the
Hilbert–Samuel multiplicities alone, so a priori the classical form does not imply Conjecture
2.
Remark 3. Another perspective clarified by our formulation is the following: for inner
forms GLr(D) of GLn(K) with maximal compact open subgroups K
′ = GLr(OD), we can
incorporate an inertial Jacquet-Langlands correspondence JL : Rep(K′) 99K Rep(K) into
the picture above. It can be shown that under the existence of JL, which is compatible
with the general Jacquet-Langlands correspondence and the theory of types, the Breuil–
Me´zard conjecture for GLn essentially implies a certain form of Breuil–Me´zard conjecture
for GLr(D). This will be the subject of a subsequent paper of the author, where we study
the correspondence JL and the Breuil–Me´zard conjectures for inner forms of GLn.
Remark 4. The diagram above also suggests that the Breuil–Me´zard conjecture is closely
related to a “mod p inertia Langlands correspondence”. In this way, the Breuil–Me´zard
conjectures (both in the case of l = p and l 6= p) can be thought of as the compatibility
between inertia Langlands correspondence and mod p inertia Langlands correspondence.
Now we turn to the main result of this article, which asserts that the Breuil–Me´zard
conjecture holds in the local function field case where l 6= p, under mild Taylor–Wiles type
assumptions.
Theorem 5 (Theorem 4.13). Let K be a local function field over Fl, and ρ : GK → GLn(F)
a mod p Galois representation with l 6= p. Assume that p ∤ n(n− 1)(l− 1), then Conjecture
2 holds.
Roughly speaking, to prove the theorem it suffices to construct an exact functor M∞,
which sends a representation σ of K with OL-coefficients to a module M∞(σ) over R
,χ
ρ ,
satisfying i). it is compatible under reduction mod λ, and ii). its support is (up to
a constant) given by cyc(σ). The precise statement is given in Proposition 4.14. The
main ingredient of the construction of the desired M∞ is the Taylor–Wiles–Kisin patching
method (following the strategy of [Kis10] and [Sho18]). To be slightly more precise, we
first realize ρ as a local component of the mod λ reduction of a global representation
r : GF,S → GLn(OL) for some global field F over Fl. The representation r is carefully
chosen to satisfy a list of properties, the most important one being that it comes from
an automorphic form π of a central division algebra D over F , where D×v
∼= GLn(K)
for some place v. Now we consider a suitable global Galois deformation ring RT ,ηr,S with
local constraints, equipped with a surjective map R∞ ։ R
T ,η
r,S , where R∞ is essentially
(a finite product of) R,χρ adjoining some formal variables. Once we have r = r(π), we
construct a space S(σ) of automorphic forms with prescribed local behavior at v, specified
by the representation σ of the compact group K ⊂ D×v
∼= GLn(K). This way we obtain
an RT ,ηr,S -module S(σ). Then applying the standard Taylor–Wiles–Kisin method (in the
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function field setup), we build a module S∞(σ) over R∞, by patching a family of modules
SN (σ) over global deformation rings R
T ,η
T , for N ∈ Z≥1, where deeper and deeper tame
ramifications are allowed at certain auxiliary Taylor–Wiles primes QN . Finally we check
that the patched moduleM∞(σ) has the desired support property because of the prescribed
local conditions given by σ.
Our proof of Conjecture 2 in the function field case is simplified compared to the number
field case because of the non-existence of infinite places. Moreover, L. Lafforgue’s result
on the full global Langlands correspondence for GLn in the function field case is available.
This together with the absence of p-adic Hodge theory makes the patching argument more
transparent in our setup as well. We carry out the now standard computation of the
numerical criterions needed for the patching argument in Section 5 and 6, in order to
convince the readers that everything indeed works out.
Remark 6. The condition p ∤ n(n−1) is assumed mostly for simplicity, and can be removed
by more careful patching method introduced in [Tho12]. For this we will need to use the
modified notion of “adequate” and modify the patching arguments accordingly. We choose
not to work with this generality so the proofs presented in 6 are less technically involved.
The condition p ∤ l−1, on the other hand, is more serious. This is because in the argument
we will need a global field F such that at some place v0, the size l0 of the residue field k0
satisfies p ∤ l0−1, in order for there to exist a subgroup of (D⊗AF )× which is “sufficiently
small” in the sense of Definition 6.6. This is easily achieved if F is a number field without
any extra condition, but if F/Fl(t), it seems necessary to require p ∤ l − 1.
Finally, we compare the Breuil–Me´zard conjecture over local function fields and local
number fields, and show that they are compatible in a sense which can be made precise.
In particular, we show that the conjecture for function fields can be deduced from the case
of number fields.
Theorem 7. (Theorem 7.1) Fixed n, l, p where l 6= p. If the Breuil–Me´zard conjecture
(Conjecture 2) holds for all local number fields K ′/Ql and all mod p representations ρ′ :
GK ′ → GLn(F), then it also holds for all local function fields K/Fl and ρ : GK → GLn(F).
This is proved using the theory of Deligne–Kazhdan on pairs of “close fields”, to compare
the “moduli” of the representation theory side as well as the deformation rings in both cases.
Two local fields K ′/Ql andK/Fl((t)) arem-close to each other if O′K/(̟
′
K)
m ∼= OK/(̟K)
m
where ω′K and ωK are their uniformizers. A typical example of m-close fields are Ql(l
1/m)
and Fl((t1/m)).
Note that, by using the main result of [Sho18], we can deduce a slightly weaker form of
Theorem 5, but with the restriction on p ∤ (l − 1) removed.
Corollary 8 (Corollary 7.2). Suppose that p > 2, then Conjecture 2 holds (with Rρ re-
placing R,χρ everywhere), for all local function fields K/Fl where l 6= p.
In fact, we can run this argument in the reverse direction, and recover part of Shotton’s
result in [Sho18] (now with specified characters), for representations which are trivial on
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large compact open subgroups. More precisely, let R
(m)
L (K) be the subgroup of RL(K) gener-
ated by irreducible smooth representations of K which factor through Km := GLn(OK/̟
m
K).
Corollary 9. Let p 6= l as usual and suppose that p 6= n(n − 1)(l − 1). Let K ′/Ql be a
local number field with sufficiently large ramification index e. Let m be an integer such
that 2n−1 ·m ≤ e. Then there exists a cycle map cyc : R
(m)
F (K) → Z(R
,χ
ρ /λ) making the
following diagram commute:
R
(m)
L (K) Z(R
,χ
ρ )
R
(m)
F (K) Z(R
,χ
ρ /λ)
red
cyc
red
cyc
1.2. Organization of the paper. In Section 2 we recall Galois deformations and define
the deformation spaces SpecR,χρ ⊂ SpecR

ρ as well as their subspaces SpecR
,τ,χ
ρ ,SpecR
,τ
ρ
with fixed inertia types. We show that R,χρ is reduced and flat over O. In Section 3 we
review the relevant representation theory for GLn(K) and GLn(OK), including the iden-
tification between the tempered Bernstein spectrum Bt(GLn) and the set I
Gal
n of Galois
inertia types. We then define the generic multiplicity map. This allows us to define cycle
maps cyc and cycχ and formulate the Breuil–Me´zard conjecture in Section 4. In this sec-
tion we also give an outline of the proof of the main theorem. In Section 5 we compute the
dimension of global deformation rings and apply the global Langlands correspondence over
function fields to realize ρ as a suitable local component of a global modular representation
r. The main result of this section is Proposition 5.18. In Section 6 we modify the now
standard Taylor–Wiles–Kisin patching method over the function field, and apply it to our
setup to prove Theorem 4.13. Finally, in Section 7, we apply Deligne–Kazhdan’s theory
of close fields to our problem between the local function field setup and local number field
setup, and deduce Theorem 8 and 9 in the introduction.
Acknowledgement. The idea of looking at the function field analog of the Breuil–Me´zard
conjecture was suggested to me by Mark Kisin, and it is a great pleasure to thank him
for introducing this area of mathematics to me and for his encouragement throughout this
project. I also want to thank Jack Shotton and Richard Taylor for their suggestions to
look at the relation between the case of number fields and the case of function fields, which
lead to the discussion in Section 7.
2. Galois deformations
2.1. Galois deformation rings. We first fix some notations used in the article.
(1) Let K be a nonarchimedean local field of residue characteristic l. 3
(2) F will denote a global field, and S a finite set of places of F .
3All statements in this subsection hold for any non-archimedean local field of residue characteristic l,
where l 6= p. We will only specialize to function fields starting from Section 5.
THE BREUIL–ME´ZARD CONJECTURE FOR FUNCTION FIELDS 7
(3) Let L be a finite extension of Qp, where p 6= l, with the ring of integers O = OL,
and residue field F = O/λ.
(4) For this section G is a topological group satisfying Mazur’s Φp-finiteness condition.
In the remaining of the article we will let G = GF,S or G = GK .
(5) Let ρ be a continuous representation
ρ : G→ GLn(F).
2.1.1. Deformation rings. Let C = CO be the category of local Artin O-algebras with residue
field F. Recall the Galois deformation functors Dρ and Dρ.
• The framed deformation functor Dρ : C −→ Sets is
Dρ (A) := {ρ : G→ GLn(A) : ρ reduces to ρ}
• Likewise, the (unframed) deformation Dρ : C −→ Sets is
Dρ(A) := D

ρ (A)/conj. by ker(GLn(A)→ GLn(F))
Dρ is pro-representable by a framed deformation ring R

ρ with the universal framed defor-
mation (cf. [Kis09b])
ρ : G→ GLn(R

ρ ).
Under the assumption that ρ is absolutely irreducible, or more generally that EndF[G] ρ = F,
the functor Dρ is pro-representable by the universal deformation
ρuniv : G→ GLn(Rρ).
In this case, we have Rρ
∼= Rρ[[xij ]]i,j∈{1,...,n}/(x11). In particular, R

ρ and Rρ “share the
same singularities”. We choose to work with the framed deformation ring Rρ in this article.
2.1.2. Fixing the determinant. Let χ : G → O× be a continuous character such that χ ≡
det ρ mod λ, then there exists a quotient R,χρ of R

ρ parametrizing framed deformations
of ρ with determinant χ. From the functoriality of framed deformations, there is a natural
map Λ := Rdet ρ → R

ρ , and SpecR
,χ
ρ is the fiber of SpecR

ρ over the point χ : Λ→ O of
SpecΛ. As notation suggests, Λ is independent of ρ.
2.1.3. The generic fiber SpecR,χρ [1/p]. For this discussion let G = GK . The following
lemma is a slight variant of Lemma 1.3.2 in [BLGGT14], taking into account the deter-
minant condition. Recall that a geometric point on SpecRρ is called non-degenerate if
its corresponding admissible irreducible representation of GLn(K) via the local Langlands
correspondence is generic [cf. Subsection 3.1.3].
Lemma 2.1. The generic fiber SpecR,χρ [1/p] of SpecR
,χ
ρ is generically formally smooth
of dimension n2 − 1. More precisely,
(1) If x : SpecL → SpecR,χρ is a non-degenerate geometric point, then x lies on a
unique irreducible component of SpecR,χρ , and SpecR
,χ
ρ [1/p] is formally smooth
at x.
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(2) The non-degenerate geometric points are Zariski-dense in SpecR,χρ .
Proof. The proof in [BLGGT14] goes through with fixed determinant χ – with ad0ρ re-
placing adρ everywhere. 
2.2. Galois and Weil–Deligne inertia types. From now on we fix a mod λ represen-
tation ρ : GK → GLn(F). In this subsection we define R
,τ
ρ (resp. R
,τ,χ
ρ ) for a Galois
inertia type τ . Under the condition that L is large enough, they are unions of irreducible
components in SpecRρ (resp. SpecR
,χ
ρ ).
Definition 2.2. Let V be a vector space over Qp of dimension n. We distinguish the
following two notions of inertia types. 4
(1) A Weil–Deligne (WD) inertia type ξ is an isomorphism class of representations ξ :
IK → GL(V ) which extends to a Frobenius-semisimple Weil–Deligne representation
of WK . In particular, ξ has finite image and carries no information about the
monodromy operator N .
(2) A Galois inertia type τ is an isomorphism class of continuous representation τ :
IK → GL(V ) which extends to a continuous representation ρ : WK → GL(V ),
where the image of Frobenius is semisimple.
We denote by IWDn (resp. I
Gal
n ) the set of WD (resp. Galois) inertia types of dimension n.
Remark 2.3. Fix a tame character t = tp : IK → Z×p for K and a lift of arithmetic
Frobenius ϕ ∈ GK . We have an equivalence of categories between continuous Frobenius-
semisimple representations and Frobenius-semisimple Weil–Deligne representations (of the
same dimension), given by
ρ 7→WD(ρ) = (ρ′, N), where ρ′(σϕm) := ρ(σϕm) exp(−t(σ)N),
whereN is the (unique) monodromy operator such that ρ(σ) = exp(Nt(σ)) for σ ∈ I ′K ⊂ IK
for some finite extension K ′/K. For a Galois inertia type τ which extends to ρ : WK →
GL(V ), let WD(ρ) = (ρ′, N), then the restriction ρ′|K gives rise to a WD inertia type,
which is well defined up to isomorphism classes and we denote this isomorphism class by
WD(τ). This gives a surjective map
WD : IGaln → I
WD
n .
The Galois (resp. WD) inertia type τ(x) (resp. ξ(x)) of a geometric point x : SpecL→
SpecRρ is the Galois (resp. WD) inertia type of its associated Galois (resp. Weil–Deligne)
representation.
Definition 2.4. Let τ be a Galois inertia type. We define SpecR,τρ
(
resp. SpecR,τ,χρ
)
to
be the reduced subscheme of SpecRρ
(
resp. of SpecR,χρ
)
obtained by taking the Zariski
closure of L-points of Galois inertia type τ . For a Weil–Deligne inertia type ξ, we define
R,ξρ and R
,ξ,χ
ρ similarly.
4The inertia types used in [BM02], [Kis10] and [EG14] are called WD inertia types here, while the inertia
types defined in [Sho18] are called Galois inertia types in our setup.
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Remark 2.5. As the next lemma shows, an L-point of SpecRρ (resp. of SpecR
,χ
ρ ) lies
on SpecR,ξρ
(
resp. SpecR,ξ,χρ
)
if and only if it has WD inertia type ξ. The subscheme
SpecR,τρ
(
resp. SpecR,τ,χρ
)
on the other hand, may contain L-points which are not of
Galois inertia type τ , so having a fixed Galois type is really a generic condition (even on
the generic fiber) and in particular not a local deformation condition.
Nevertheless we have the following rigidity lemma.
Lemma 2.6. Let ρ be as above.
(1) The Weil–Deligne inertia type ξ is constant on geometrically connected components
of SpecR,χρ [1/p].
(2) The Galois inertia type is generically constant on geometrically irreducible compo-
nents of SpecR,χρ [1/p]. More precisely, let x and y be non-degenerate geometric
points on the same irreducible component of SpecR,χρ ⊗OQp, then τ(x) = τ(y).
The corresponding claims for SpecRρ [1/p] without fixing the character χ still hold, and
are proved in Lemma 1.3.4 of [BLGGT14] (see also part (4) of Proposition 3.6 of [Sho18]).
Proof. The proof of (1) is the same as the standard argument for the case without fixing χ
and is standard. Part (2) follows from a slight modification of Lemma 1.3.4 of [BLGGT14],
where we replace Rρ by R
,χ
ρ . Let m be a maximal ideal of R
,χ
ρ ⊗Qp, then following the
same proof we may exhibit a surjection
φ : (R,χρ ⊗Qp)
∧
m ։ Qp[[x1, ..., xn2−1]].
The rest of the proof there only uses the fact that dimR,χρ [1/p] = n
2 − 1. Therefore, for
any two points x and y on the same irreducible component of SpecR,χρ ⊗Qp, such that
neither x or y is contained in any other irreducible component, we have τ(x) = τ(y). This
in particular applies to non-degenerate points by part (1) of Lemma 2.1. 
2.3. Flatness. The following lemma will be useful for us. Shotton [Sho18] attributes the
proof to Helm, which we briefly reproduce in the beginning of the proof of Proposition 2.13
because later we will need it in Section 7.
Lemma 2.7 (Theorem 2.5, [Sho18]). The space of framed deformations SpecRρ is a
reduced complete intersection, and flat over SpecO of relative dimension n2.
Before we state a corollary, let us record a simple commutative algebra fact.
Lemma 2.8. Let R be a reduced noetherian ring over O, then SpecR is flat over SpecO
if and only if every irreducible component of SpecR is flat over SpecO. 5
Proof. First suppose R is flat over O and let ℘ be a minimal prime of R, then we claim
that R/℘ is λ-torsion free. Suppose for the contrary there exists x /∈ ℘ such that λx ∈ ℘,
then λ ∈ ℘. Let ℘1, ..., ℘r be the other minimal primes of R distinct from ℘, then ∩℘i 6= 0
5In general an irreducible component inside a flat family may fail to be flat over the base.
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for otherwise ℘ ⊃ ℘i for some i. Let y ∈ ∩℘i be a nonzero element, then λy ∈ (∩℘i)∩ ℘ is
0 since R is reduced, which contradicts the fact that R is λ-torsion free.
Now suppose for all minimal primes ℘ ⊂ R, R/℘ is λ-torsion free. Let x ∈ R be element
such that λx = 0, then x ∈ ℘ for all minimal primes ℘, therefore by reducedness R is
λ-torsion free. 
Corollary 2.9. Let τ (resp. ξ) be a Galois (resp. WD ) inertia type.
(1) The irreducible components of Rρ are flat over O.
(2) Suppose that the coefficient field L is sufficiently large, then each nonempty R,τρ
(resp. R,ξρ ) is a union of irreducible components of R

ρ .
(3) Under the assumptions above, each nonempty R,τρ (resp. R
,ξ
ρ ) is flat over O of
dimension n2.
Proof. Part (1) follows from Lemma 2.7 and Lemma 2.8. For part (2), we prove the
claim for Galois inertia type τ , the argument for the case of Weil–Deligne inertia type
works the same. We define SpecR,τρ [1/p] to be the reduced subscheme of SpecR

ρ [1/p]
by taking the Zariski closure of the L-points of type τ . We claim that R,τρ [1/p] is a
union of irreducible components of Rρ [1/p], because on each irreducible component of
Rρ [1/p], all the non-degenerate points have the same Galois inertia type and they are
Zariski dense by Lemma 2.1 and Lemma 2.6. Therefore R,τρ is the Zariski closure of a
union of irreducible components of Rρ [1/p]. Taking Zariski closure commutes with taking
finite unions, therefore the claim follows. For part (3), note that both R,τρ and R
,ξ
ρ are
reduced quotients of Rρ by definition, now apply Lemma 2.7. 
Remark 2.10. In the main theorem of the article, the field L will be irrelevant as long
as it is sufficiently large so that each irreducible component is geometrically irreducible,
which we always assume. See Remarks 3.12, 4.3, and Subsection 4.8. In particular, the
residue field F of L always has cardinality ≥ 5 (since p 6= 2 by assumption, this condition
simply excludes F3), which is convenient for us in the proof of Proposition 5.8.
Lemma 2.11. Let ρ and χ be as before, and assume that p ∤ n.
(1) Let ξ be a WD inertia type such that that the closed subscheme SpecR,ξ,χρ ⊂
SpecR,ξρ is non-empty, then we have
R,ξρ
∼= R
,ξ,χ
ρ [[T ]]
where the universal deformation is given by ρ,ξ(g) = ρ,ξ,χ(g) · diag(1 + T ).
(2) Let τ be a Galois inertia type such that SpecR,τ,χρ is non-empty, then
R,τρ
∼= R
,τ,χ
ρ [[T ]].
Proof. From definition there is a natural map R,ξρ → R
,ξ,χ
ρ [[T ]]. To show that it is
an isomorphism, note that for any L′ point ρ : GK → GLn(L
′) of Rρ , the character
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µ = χ det(ρ)−1 is unramified and reduces to identity mod λ′ where λ′ is a uniformizer of
OL′ . Since p ∤ n, n is invertible in F, so there exists an nth root ν of µ such that µ = νn and
ν reduces to identify mod λ′. The representation ρ ⊗ (ν ◦ det) therefore has determinant
χ. This proves part (1) of the lemma, part (2) is similar. 
Corollary 2.12. Suppose that p ∤ n and that L is sufficiently large. Let τ be a Galois inertia
type, assume that SpecR,τ,χρ is non-empty. Then SpecR
,τ,χ
ρ is a union of irreducible
components of SpecR,χρ , and is flat over SpecO of relative dimension n
2 − 1.
Proof. The first claim follows from the same proof of Corollary 2.9 (2). Then Lemma 2.11
tells us that SpecR,τ,χρ [[T ]] is λ-torsion free. 
However, this does not directly imply that R,χρ is flat. Nevertheless, following the same
strategy of the proof of Lemma 2.7, we have the following
Proposition 2.13. Suppose p ∤ n and fix a character χ. SpecR,χρ is a reduced complete
intersection and flat over SpecO of relative dimension n2 − 1.
Proof. (1). First let us prove the lemma assuming that ρ is tamely ramified. Let P˜K ⊳ IK
be the kernel of the tame character tp : IK ։
∏
r 6=l Zr ։ Zp, we may replace GK → GLn(F)
by ρ : GK/P˜K → GLn(F). This allows us to view R
,χ
ρ as the completion of the a certain
local ring of a certain moduli space which we now describe.
Let R be any commutative ring, let r ≥ 2 be an integer and let α ∈ R× be a unit. We
define M(n, r, α)R to be the following moduli space over R: for S an algebra over R, the
S-points of M(n, r, α)R are
{(Σ,Φ) ∈ GLn(S)×GLn(S) ΦΣΦ
−1 = Σr,det(Φ) = α}.
Therefore, M(n, r, α)R is a closed sub-scheme of GLn,R×RGLn,R cut out by n
2 + 1 equa-
tions. Let
π :M(n, r, α)R → GLn,R
be the projection given by (Σ,Φ) 7→ (Σ). Now in our setup, when R = O and r = #|k|,
we claim that M(n, r, α)O is a local complete intersection, and is flat over O of relative
dimension n2 − 1.
For notational simplicity let X = M(n, r, α)O and X
′ = GLn,O×GLn,O. Let Xs ⊂ X
′
s
be the corresponding special fibers over SpecF. X ⊂ X′ is a closed sub-scheme cut out by
n2+1 equations inside the regular scheme X′ of relative dimension 2n2 over O. Upper semi-
continuity of the map x 7→ dim(Xf(x)) says that {x ∈ X : dimXf(x) = n
2} is open in X.
Note that every point in X specializes to a point in the special fiber Xs (since every point in
X′ specializes to a point in X′s). Therefore, to prove that X is a local complete intersection
it suffices to show that the geometric special fiber Xs =M(n, r, α)F has dimension n
2 − 1.
Next we show that M(n, r, α)F is a local complete intersection of dimension n
2 − 1.
For this we consider the morphism π : M(n, r, α)F → GLn,F and let Σ0 ∈ im(π) be a
point in the image of π. Let ZΣ0 be the centralizer of Σ0 in SLn,F and CΣ0 the SLn
conjugacy class of Σ0, note that CΣ0
∼= GLn,F /ZΣ0 . It is clear that CΣ0 ⊂ im(π) and that
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the pre-image π−1(CΣ0) is a ZΣ0-torsor over CΣ0 . In particular, π
−1(CΣ0) has dimension
dimCΣ0 + dimZΣ0 = n
2 − 1. Finally, note that there exists an integer m ≥ 1, such that
for any Σ ∈ im(π), the eigenvalues of Σ are (rm − 1)th roots of unity. This implies that
the number of SLn conjugacy classes in im(π) is finite. To see this, note that since p ∤ n,
one can always conjugate a given matrix to its Jordan normal form by elements in SLn(F).
Thus dim(M(n, r)F) = n
2− 1. This completes the proof that X is a complete intersection,
in particular Cohen-Macaulay, and that X is flat over O (since the fibral dimensions are
constant over the regular ring O).
(2). The proof of the general case relies on the following tame reduction lemma of
[CHT08]. Let δ : P˜K → GLdδ(F) be an irreducible representation of P˜K . Consider the
open subgroup
Gδ := {g ∈ GK : δ
g ∼ δ}
of GK of finite index. δ has a unique deformation to δ˜ : P˜K → GLdδ(O), which extends
to Gδ. In this discussion we fix this extension and again denote it by δ˜. For any finite O-
moduleM with GK action, we define the O[Tδ] := O[Gδ/P˜K ] moduleMδ := HomP˜K (δ˜,M).
Lemma 2.4.12. of [CHT08] states that
M ∼=
⊕
[δ]∈Conj
IndGKGδ (δ˜ ⊗Mδ)
where the direct sum is over GK conjugacy classes of irreducible F[P˜K ]-modules. (cf.
[CHT08] 2.4.12. and [Yao17] for a detailed proof). As above, write ρδ = HomP˜K (δ˜, ρ),
then there is an isomorphism of deformation functors
Dρ
∼−→
∏
[δ]∈Conj
Dρδ ,
where the inverse map is given by (ρδ)[δ] 7→ ⊕[δ]Ind
GK
Gδ
(δ˜ ⊗ ρδ). By carefully taking into
account the effect of lifting frames, we in fact have
Rρ
∼=
(
⊗̂[δ]∈ConjR

ρδ
)
[[x1, ..., xn2−
∑
n2
δ
]].
We need to add the determinant condition. To proceed we fix the following choice:
• Let ϕ ∈ GK be a lift of the arithmetic Frobenius, also fix a choice of σ ∈ IK whose
image is a topological generator of IK/P˜K ∼= Zp.
• Fix a representative δ in each conjugacy class [δ]. Let Kδ := (K)
Gδ which is a finite
extension over K, and let eδ (resp. fδ) be the inertia degree (resp. residue degree)
of Kδ/K.
• IKδ/P˜K ⊂ IK/P˜K is of index eδ, so σδ := σ
eδ is a topological generator of the tame
quotient in IKδ . Next, choose 0 ≤ iδ ≤ eδ − 1 such that ϕδ := σ
iδ · ϕfδ ∈ Gδ. ϕδ is
a lift of arithmetic Frobenius in Gδ .
• Let {σiϕj}0≤i≤eδ−1
0≤j≤fδ−1
be a coset representative of GK/Gδ .
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This allows us to compute the determinant of IndGKGδ (δ˜ ⊗ ρδ) for an nδ-dimensional repre-
sentation ρδ, by using the formula (cf. [CR87])
det IndGKGδ (δ˜ ⊗ ρδ)(ϕ) = Sgnδ ·
∏
sϕt−1∈Gτ
det((δ˜ ⊗ ρδ)(sϕt
−1))
where the product is taken over s, t ∈ {σiϕj} in the coset representative chosen above, and
Sgnδ = (Sign of action of ϕ on GK/Gδ)
nδ . Write s = σiϕj and t = σmϕk, then sϕt−1 ∈ Gδ
precisely when one of the following occurs
(1) k = j + 1, 0 ≤ j ≤ fδ − 2. In which case, 0 ≤ i = m ≤ eδ − 1.
(2) k = 0 and j = fδ − 1; and i ≡ m · r
n + iδ mod eδ, for 0 ≤ i,m ≤ eδ − 1.
Therefore, when we compute the determinant of the induced representation at ϕ, only s, t
in the second case above contributes, and we have
det IndGKGδ (δ˜ ⊗ ρδ)(ϕ)
= Sgnδ ·
∏
sϕt−1∈Gτ
det((δ˜ ⊗ ρδ)(sϕt
−1))
= Sgnδ
∏
i−mrn≡iδ mod eδ
(
(det δ˜(σi−mr
n
ϕfδ ))nδ (det ρδ(σ
i−mrn−iδ))dδ (det ρδ(ϕδ))
dδ
)
= βδ · (det ρδ(σδ))
cδdδ · (det ρδ(ϕδ))
eδdδ
where cδ =
1
eδ
∑
(i−mrn− iδ), where the sum is taken over i,m ∈ {0, ..., eδ − 1} such that
i ≡ mrn + iδ mod eδ ; and
βδ := Sgnδ
∏
i−mrn≡iδ mod eδ
(det δ˜(σi−mr
n
ϕfδ ))nδ ∈ O×.
Both cδ ∈ Z and βδ ∈ O× only depends on δ.
Now let us define a subschemeM(n, r, ρ, α)R ⊂
∏
[δ](GLnδ,R×RGLnδ,R) where the prod-
uct is indexed by GK conjugacy classes of irreducible F[P˜K ]-modules, to consist of tuples
(Σδ,Φδ)[δ] satisfying
(1) ΦδΣδΦ
−1
δ = Σ
rδ
δ for each [δ].
(2) Let β(ρ) :=
∏
[δ]∈Cong βδ, then we require that
β(ρ) ·
∏
[δ]
(
det(Σδ)
cδdδ · det(Φδ)
eδdδ
)
= α.
In other words,
M(n, r, ρ, α)R :=
{
(Σδ,Φδ)[δ] | ΦδΣδΦ
−1
δ = Σ
rδ
δ ,
and
∏
[δ]
(
det(Σδ)
cδdδ · det(Φδ)
eδdδ
)
= α · β(ρ)−1
}
.
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As the tame case, we want to show that X(ρ)F :=M(n, r, ρ, α)F has dimension
∑
[δ] n
2
δ −
1. The proof is similar: we first define Gn ⊳
∏
[δ]GLnδ(F) to be the normal subgroup
consisting of elements (g[δ]) such that
∏
[δ] det(g[δ]) = 1. Gn acts on
∏
[δ]GLnδ(F) by
pairwise conjugation. Now consider
π :M(n, r, ρ, α)F →
∏
[δ]
GLnδ(F).
Let Σ0 = (Σ0,δ)[δ] be an element in im(π), let ZΣ0 be the centralizer of Σ0 in Gn, and let
CΣ0 be the Gn-conjugacy class of Σ0. Then the determinant condition on the pre-image
π−1(CΣ0) becomes ∏
[δ]
det(Φδ)
eδdδ = γ0
where γ = α · β(ρ)−1 ·
∏
[δ](det Σ0,δ)
−cδdδ , which only depends on the conjugacy class CΣ0
(and ρ). This shows that π−1(CΣ0) is again a ZΣ0-torsor over CΣ0 , therefore has dimension
−1 +
∑
[δ] n
2
δ . Now the same argument as the tame case tells us that M(n, r, ρ, α)O is a
complete intersection, and flat over O.
(3). Finally, given our choices of σ, ϕ ∈ GK and σδ, ϕδ ∈ Gδ, the representation ρ
and character χ provides us a closed point xρ on M(n, r, ρ, α)O, where α := χ(ϕ). The
completion of M(n, r, ρ, α)O at xρ is precisely R
,χ
ρ , since on each π
−1(CΣ0), χ|IK is fixed.
Therefore, R,χρ is a complete intersection and flat over O. Now reducedness follows from
generically reducedness (which implies theR0 condition) and being Cohen-Macaulay (which
in particular implies Serre’s S1 condition). 
2.4. Cycles and reduction.
2.4.1. Cycles. Let X be a quasi-compact noetheorian scheme locally of finite type6. An
(algebraic) cycle on X is a formal sum
∑
nZ [Z], taken over integral closed subschemes of
X, such that the set {Z : nZ 6= 0} is finite. Let Zd(X) be the group of d-dimensional
algebraic cycles on X. If X is equi-dimensional, then we often suppress the subscript and
write Z(X) = ZdimX(X). Let F be a coherent sheaf on X, then Supp(F) is a closed
subscheme of X with its reduced subscheme structure. Let Z ⊂ Supp(F) be an irreducible
component with generic point ξ, then the multiplicity
e(F , Z) := lengthOX,ξFξ <∞
is finite. For an integral closed subscheme Z ′ not contained in Supp(F), we set e(F , Z ′) = 0.
Recall that
(1) For d ≥ dimSupp(F), the d-dimensional cycles associated to F is
[F ]d :=
∑
e(F , Z)[Z] ∈ Zd(X)
6All schemes in this subsection are quasi-compact, noetherian, and locally of finite type.
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where the sum is over all integral closed subscheme of dimension d. Again for
equi-dimensional X, we write Z(F) = [F ]dimX .
(2) For a closed subscheme Y ⊂ X of dimension ≤ d, define [Y ]d := [OY ]d.
2.4.2. Reduction of cycles. Now suppose that X is a reduced scheme over O = OL of
equi-dimension d. Let
Xs = X/λ := X ×SpecO SpecF
be its mod λ special fiber. Let i : Xs → X be the closed immersion.
Definition 2.14. The reduction map (on irreducible components of X) red : Z(X) →
Z(Xs) is given as follows. For each irreducible component Y (which is a d-cycle of X),
define red : [Y ] 7→ Z(i∗OY ) = [i
∗OY ]d−1.
In general, if f : Y → X is a not flat, then pullbacks of cycles along f usually do not
behave well. Therefore we will need the following lemma
Lemma 2.15. Let X be a reduced scheme over O of equi-dimension d. Furthermore
assume that X is flat over O. Let F be a λ-torsion free coherent sheaf on X, then
red([F ]d) = [i
∗F ]d−1 ∈ Z(Xs).
In other words, red(Z(F)) = Z(F/λ) ∈ Z(Xs).
Proof. This follows from Proposition 2.2.13 of [EG14]. By taking f = λ in their proposition,
we know that if [F ]d =
∑
i∈I niZi then
[i∗F ]d−1 =
∑
i∈I
ni(Zi ∩Xs) = red([F ]d).
The flatness of X/O is needed to ensure that λ is a non-zero divisor in each stalk of OX ,
in order to apply their proposition. 
2.4.3. Product of cycles. We will need the following lemma on irreducible components in
completed tensor product.
Lemma 2.16. Let R and S be two complete local Noetherian O-algebras with geometrically
integrable irreducible components. Further assume that R and S are equi-dimensional,
and that they either (1). both λ-torsion free or (2). both λ-torsion. Then Z(R⊗ˆS) =
Z(R)⊗Z(S).
Proof. This is Lemma 2.10 in [Sho18]. 
3. Representation theory of GLn(K)
Throughout the article we fix the following notations
• Let Rep∞n = Rep
∞
n (K) be the category of smooth representations of GLn(K).
• Let An = An(K) be the set of isomorphic classes of irreducible admissible repre-
sentations of GLn(K).
• Let Ascn ⊂ An (resp. A
d.s.
n ,A
t
n,A
g
n) be the subset of classes of supercuspidal (resp.
square integrable, tempered, generic) representations.
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3.1. Local Langlands for GLn.
3.1.1. The Bernstein–Zelevinsky classification. We first fix notations used in the Bernstein–
Zelevinsky classification.
Let (π, V ) ∈ An, for any s ∈ C let π(s) be the twist of π by the character | · |s ◦ det.
Recall that a (Zelevinsky) segment in An is an ordered collection of m supercuspidal
representations of GLn(K) of the form:
∆(π,m) = [π, π(1), ..., π(m − 1)].
Two segments ∆1 = ∆(π1,m1) and ∆2 = ∆(π2,m2) in A
sc
n1 and A
sc
n2 are linked if ∆1 * ∆2,
∆2 * ∆1, and ∆1∪∆2 is a segment. ∆1 precedes ∆2 if ∆1 and ∆2 are linked, and π1 < π2.
For a segment ∆ = ∆(π,m) in An, we define an admissible representation of GLmn by
π(∆) := π1 × · · · × πm,
where π1×· · ·×πm := Ind
GLmn
P(n,...,n)
(⊗πi) is the normalized parabolic induction, where P(n,...,n)
denotes the standard parabolic corresponding to the partition mn = n + · · · + n. Recall
from [BZ77] that for each segment ∆, the representation π(∆) admits a unique irreducible
quotient-representation Q(∆). If ∆1, ...,∆r are segments such that for each i < j, ∆i does
not precede ∆j, then the representation
Q(∆1)× · · · ×Q(∆r) ∈ Rep
adm(GL∑nimi)
admits a unique irreducible quotient Q(∆1, ...,∆r). Any irreducible representation (π, V ) of
GLn(K) is isomorphic to one of the form π ∼= Q(∆1, ...,∆r), where ∆i = (πi,mi) with n =∑
nimi, for a unique collection of segments ∆1, ...∆r up to permutation.
Moreover, the representation Q(∆1) × · · · × Q(∆r) is irreducible if and only if none of
the segments ∆i and ∆j are linked. The (quotient) representation Q(∆1, ...,∆r) is generic
if and only if none of the segments are linked; it is tempered if and only if it is generic and
the central character of each πi(
mi−1
2 ) is unitary; it is square integrable if and only if it is
tempered and there is only 1 segment (so π ∼= Q(∆)).
3.1.2. Steinberg representations. The Steinberg representation of GLn(K) is
Stn := Q(∆) where ∆ = ∆(| · |
1−n
2 , n).
More generally, we can twist Stn by a quasi-character χ and define Stn(χ) := Q(∆), where ∆ =
∆(χ| · |
1−n
2 , n).
The (twisted) Steinberg representations Stn(χ) correspond to special representations
Spn(χ) on the Galois side. Let us recall the definition.
Definition 3.1. Let V a finite dimensional vector space over Qp. Let (r, V ) be a rep-
resentation of WK , we define the special representation Spm(r) of WK on V
m, to be the
Weil–Deligne representation
Spm(r) := r ⊕ r(1)⊕ ...⊕ r(m− 1)
where r(i) is the representation r twisted by χ−1cyc, and N ∈ End(V
m) is the operator
sending each r(i) isomorphically to r(i+ 1) for i ≤ m− 2 and N = 0 on r(m− 1).
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3.1.3. The Local Langlands correspondence (LLC). Let Gn(K) be the set of isomorphism
classes of n-dimensional Frobenius-semisimple Weil–Deligne representations of WK over
Qp.
7 By the work of [LRS93] for the function field case (and [HT01] for the number field
case), there exists a unique collection of bijections
recn : An(K)
∼−→ Gn(K)
satisfying a list of compatibilities conditions 8, in particular:
• for any quasi-character χ, recn(πχ) = recn(π)⊗ rec1(χ); and
• for any π ∈ An with central character ωpi, det ◦ recn(π) = rec1(ωpi).
Under the local Langlands correspondence,
(1) π ∈ An is supercuspidal if and only if recn(π) is irreducible;
(2) π is essentially square integrable if and only if recn(π) is indecomposable.
(3) Let π = Q(∆1, ...,∆r) with ∆i = ∆(πi,mi), then
recn(π) =
r⊕
i=1
Spmi(recni(πi)).
3.2. Inertia correspondence. In this subsection we recall the notion of Bernstein decom-
position and a tempered Bernstein decomposition due to [SZ99]. Roughly speaking, each
Bernstein component corresponds to a WD inertia type, while each tempered Bernstein
component corresponds to a Galois inertia type.
3.2.1. Bernstein components and decomposition. Let P ⊂ GLn(K) be (the K-points of) a
parabolic subgroup with Levi factor L. Let ς be an irreducible supercuspidal representation
of L. A Bernstein component
R(L,ς) = R(L,ς)(GLn(K)) ⊂ Rep
∞
n
is the full subcategory consisting of π such that every irreducible subquotient of π is a
subquotient of IGLnL (ς ⊗ η) := Ind
GLn(K)
P (ς ⊗ η), where η is an unramified character of L
and IGLnL := Ind
GLn(K)
P ◦ j
∗ is the normalized parabolic induction, with j : P → L the map
to the Levi quotient. Two Bernstein components R(L1,ς1) and R(L2,ς2) are equal if and only
if they are inertially equivalent, meaning that there exists an unramified character η of L2
and g ∈ GLn(K) such that
gL1g
−1 = L2,
gς1 = ς2η
The Bernstein spectrum of GLn(K) is
B(GLn(K)) := {(L, ς)}/inertial equivalence.
7we have implicitly fixed an isomorphism ι : Qp
∼−−→ C.
8we will not make use of the other compatibilities: namely it is compatible with local class field theory,
with taking contragradients, and with L- and ǫ-factors for every pair π1, π2.
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A well-known theorem of Bernstein [Ber92] states that the category Rep∞n of smooth rep-
resentations of GLn(K) decomposes as a direct product
Rep∞n =
∏
(L,ς)∈B(GLn)
R(L,ς).
In particular, this provides a partition on An.
Lemma 3.2. Two irreducible admissible representations π and π′ of GLn(K) belong to the
same Bernstein component R(L,ς) if and only if the underlying WK representations under
the local Langlands correspondence satisfy rec(π)|IK
∼= rec(π′)|IK ; in other words, if and
only if they give rise to the same WD inertia type.
Proof. The Bernstein–Zelevinsky classification (cf. Subsection 3.1.1) allows us to reduce to
the supercuspidal cases. For this we need to show that two supercuspidal representations π
and π′ of GLm(K) differ by a twist of an unramified character η if and only if recm(π)|IK
∼=
recm(π
′)|IK . This follows from Subsection 3.1.3 and the following consequence of Schur’s
lemma:
Sublemma. Let H ⊳ G be a normal subgroup with an abelian quotient, and let ρ
and ρ′ be two finite dimensional representations of G over an algebraically closed field k,
then ρ|H ∼= ρ
′|H if and only if there exists a character ψ : G → G/H → k
× such that
ρ ∼= ρ′ψ. 
3.2.2. Tempered Bernstein decomposition. The Bernstein decomposition has been refined
by Schneider and Zink [SZ99] in the case of tempered representations. Consider the tem-
pered Bernstein spectrum Bt(GLn), which by definition is the set
Bt(GLn) := {(L, ϑ)}/Conjugation,
where L is a Levi of GLn(K) and ϑ is an irreducible square integrable representation of L.
Note that we no longer quotient by inertia equivalence since after twisting by unramified
characters ϑ may not be unitary. From the Bernstein–Zelevinsky description of tempered
and square integrable representations, the normalized parabolic induction gives a bijection
between
Bt(GLn)
∼−→ Atn.
Let Reptn ⊂ Rep
∞
n be the full subcategory of tempered representations. For (L, ϑ) ∈
Bt(GLn), let R
(L,ϑ) to be the full subcategory of Reptn whose irreducible sub-quotients are
induced from (L, ϑ). Then the Bernstein decomposition refines to
Reptn =
∏
(L,ϑ)∈Bt(GLn)
R(L,ϑ).
3.2.3. Inertia types and Bernstein spectrums. Recall from Section 2 that IWDn (resp. I
Gal
n )
is the set of WD (resp. Galois) inertia types. Let I0 be the set of Galois types which extend
to an irreducible representation of WK .
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Definition 3.3. By a finite partition we mean a finite ordered collection of (non-strictly)
decreasing non-negative integers. Let Part be the set of finite partitions. Let the degree of
(a1, a2, ...) ∈ Part be
∑
ai, hence x ∈ Part is a partition of deg x.
(1) Define P∞ = {ξ : I0 → Z≥0 | ξ has finite support}.
(2) Define Pt = {τ : I0 → Part | τ has finite support}.
(3) For each ξ ∈ P∞ (resp. τ ∈ Pt), define its degree to be
deg(ξ) :=
∑
ξ0∈I0
ξ(ξ0)
(
resp. deg(τ) :=
∑
ξ0
deg(τ(ξ0))
)
.
(4) Define P∞n (resp. P
t
n) to be the subset of P
∞ (resp. Pt) consisting of elements of
degree n.
We have the following maps of sets.
• B(GLn)→ P
∞
n . Let (L, ς) be an element in the Bernstein spectrum, for each τ0 ∈
I0, which corresponds to a unique supercuspidal representation [π0] up to inertia
equivalence, we associate to it the multiplicity of [π0] in the inertia equivalence
class of the supercuspidal support of (L, ς).
• Bt(GLn) → P
t
n. Let (L, ϑ) be an element of B
t(GLn), so ϑ corresponds to a
collection of square integrable representations Q(∆(πi,mi)) with
∑
mi = n. For
each [π0] as above, we send it to the partition consisting of all mi (in decreasing
order) such that [πi] = [π0] (meaning that they differ by an unramified twist).
• P∞n → I
WD
n . For ξ ∈ P
∞
n ,we associated a WD inertia type by ⊕
τ0∈I
0
τ
ξ(τ0)
0 .
• Ptn → I
Gal
n . For h ∈ P
t
n, we associate a Galois inertia type as follows: for each
τ0 ∈ I
0, choose an irreducible extension τ˜0 of τ0 to WK , and then take the Galois
representation associated to the Weil–Deligne representation⊕
τ0∈I
0
(⊕
i
Sph(τ0)(i)(τ˜0)
)
where h(τ0)(i) is the i
th term in the partition h(τ0).
Lemma 3.4. These maps fit together into the following commutative diagram, where all
horizontal maps are bijections.
Bt(GLn) P
t
n I
Gal
n
B(GLn) P
∞
n I
WD
n
∼
Z
∼
deg WD
∼ ∼
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Proof. The bottom horizontal maps are all bijections by Lemma 3.2 and its proof. For the
second bijection on the top row, note that by Remark 2.3, the associated Galois represen-
tations of two Weil–Deligne representations
r⊕
i=1
Spmi(ρi),
r′⊕
i=1
Spm′i(ρ
′
i)
have the same restrictions on IK if and only if r = r
′ and up to reordering mi = m
′
i and
ρi|IK
∼= ρ′i|IK . This shows that all the horizontal maps are bijections.
The map Z : Bt(GLn)→ B(GLn) is the map sending (L, ϑ) to its supercuspidal support,
and the diagram commutes by unwinding definitions. 
Remark 3.5. Bt(GLn) can also be regarded as the “generic Bernstein spectrum”, in the
sense that it gives a stratification of generic representations. A generic representation has
the form π = Q(∆1, ...,∆r), ∆i = ∆(πi,mi), and for each i there exists a unique unramified
character | · |si for some si ∈ C such that Q(∆(πi| · |si ,mi)) has unitary central character
(hence square integrable). Therefore we have a map Agn → Bt(GLn) which sends π to
(L = Lm1,...,mr , ϑ), where ϑ is the product of Q(∆(πi| · |
si ,mi)) described above. Unwinding
definitions, the map Agn → Bt(GLn) → I
Gal
n is given by taking the Galois representation
associated to recn(π) and restrict to IK . We summarize this discussion with the following
nice diagram
Atn A
g
n An
Bt(GLn) B(GLn)
⊂
∼=
⊂
Z
where the middle vertical arrow is the map defined above, and the other vertical arrow is
given by the usual stratification of irreducible representations by the Bernstein spectrum.
Finally, for any s ∈ Bt(GLn) let R
s ⊂ Agn be the pre-image of s. As in the classical case, we
say two irreducible generic representations lie in the same tempered Bernstein component
if they belong to the same Rs.
3.2.4. Inertia correspondence for generic representations. Let K = GLn(OK) be the stan-
dard maximal compact open subgroup of GLn(K).
Lemma 3.6. Let π, π′ be two generic irreducible admissible representations of GLn(K) in
the same tempered Bernstein component of GLn(K), or equivalently recn(π)|IK
∼= recn(π
′)|IK .
Then they restrict to isomorphic representations on K.
Proof. For any (standard) parabolic P ⊂ GLn(K) and a representation σ of P , we have
(Ind
GLn(K)
P σ)|K = Ind
K
P∩K(σ|P∩K). Since π is generic, by Subsection 3.1.1 and Subsection
3.1.3, π = Q(∆1)× · · · ×Q(∆r) and recn(π) =
⊕r
i=1 recnimi(Q(∆i)) and similarly for π
′.
Similar to the proof of Lemma 3.4, it suffices to prove the lemma under the assumption
that π = Q(∆(λ,m)) and π′ = Q(∆(λ′, π)), where λ and λ′ are supercuspidal represen-
tations of GLd(K). By Lemma 3.2, λ = λ
′ ⊗ η, where η is an unramified character of
THE BREUIL–ME´ZARD CONJECTURE FOR FUNCTION FIELDS 21
GLd(K). The character η is of the form η = χ ◦ det where χ is an unramified quasi-
character K× → C×. Therefore, recn(π) = recn(π′) ⊗ rec1(χ), from which it follows that
π = π′χ. 
Remark 3.7. The generic condition is needed. For example, for GL2(K), the trivial
representation triv and an unramified principal series χ1 × χ2 lie in the same Bernstein
component, but they have different restrictions to K = GLn(OK).
3.3. The generic multiplicity map. Next we define the generic multiplicity map m.
This will allow us to define cycle maps cyc and cycχ in Section 4, where we also formulate
the Breuil–Me´zard conjectures and our main theorem.
3.3.1. Multiplicities. Recall that K = GLn(OK), and fix the following convention.
• Let RepL(K) = Rep
f.l.
L (K)
(
resp. RepF(K)
)
be the category of smooth representa-
tions of K of finite length over L
(
resp. over F
)
.
• Let RL(K)
(
resp. RF(K)
)
be the Grothendieck group of the abelian category
RepL(K)
(
resp. RepF(K)
)
.
Remark 3.8. For smooth representations of K, finite length is the same as finite dimen-
sional. Moreover, the category RepL(K) is semi-simple, since finite dimensional smooth
representations have open kernel, K acts each σ ∈ RepL(K) through a finite quotient. On
the other hand, however, RepF(K) is not semi-simple.
Definition 3.9. Let τ ∈ IGaln be a Galois inertia type, we define an isomorphism class of
admissible representation πτ of K as follows. Let π˜ be any generic irreducible admissible
representation of GLn(K) such that recn(π˜)|IF
∼= τ, then let πτ := π˜|K. This is well defined
up to isomorphism by Lemma 3.6.
The following definition is a variant of Definition 4.2 of [Sho18].
Definition 3.10. Let σ ∈ RepL(K), and let τ be an inertia type. Fix χ : GK → O
× a
lifting of det ρ.
(1) Define the multiplicity m(σ, τ) to be
m(σ, τ) := dimHomL[K](σ, πτ ) = dimHomK(σ ⊗L L, πτ ).
(2) Define the χ-multiplicity m(σ, τ, χ) to be
m(σ, τ, χ) :=
{
m(σ, τ) if there exists π˜ in Def. 3.9 with rec1(ωpi) ∼= χ
0 otherwise.
Here ωpi denotes the central character of π˜.
In the definition above, HomK(σ0, π|K) is a finite dimensional L-vector space. Indeed, the
action of K factors through K/K0 where K0 < K is a compact open subgroup of finite index.
Since σ0|K0 is the trivial representation of K0, we have
dimLHomK(σ0, π|K) ≤ dimLHom(σ0|K0 , π|K0)
K0 = dimL(π
⊕ dim σ0)K0 .
Now πK0 is finite dimensional.
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Remark 3.11. For a fixed τ and χ, the multiplicities m(σ, τ) and m(σ, τ, χ) are both
additive on short exact sequences in RepL(K) by semi-simplicity. Therefore it is well defined
on the Grothendieck group RL(K). Now fix σ ∈ RL(K) and a Galois inertia type τ . Let
χ, χ′ be two liftings of det ρ.
m(σ, τ, χ) = m(σ, τ, χ′) ⇔ χ|IK
∼= χ′|IK .
The forward implication follows directly from definition of m(σ, τ, χ) and compatibility
between determinants and central characters (3.1.3). The other direction follows from the
same argument near the end of the proof of Lemma 3.6.
Remark 3.12. The coefficient field L is irrelevant in the definition of m(σ, τ).
3.3.2. The generic multiplicity map. In this discussion we organize the information of the
multiplicities into a multiplicity map mL from RL(K) to the direct sum ⊕
s∈Bt
Z indexed
by the tempered Bernstein spectrum of GLn(K). Recall from Remark 3.5, each tempered
Bernstein component contains at least one irreducible generic representation, among which
there is a unique tempered one.
Definition 3.13. The generic multiplicity map is a homomorphism
mL : RL(K) −→
∏
s∈Bt(GLn)
Z, σ 7−→
(
m(σ, τs)
)
s
where τs ∈ I
Gal
n is given by Lemma 3.4. In other word, for any σ ∈ RL(K), define the
s-component of mL(σ) ∈
∏
s∈B Z to be m(σ, τs).
By Remark 3.8, mL is compatible with base change of the coefficient field L. We will
write m = mL for the generic multiplicity map on RL(K). The next proposition is probably
known to experts, but we cannot find any published reference so we provide a proof here.
Proposition 3.14. Let σ be a smooth irreducible representation of K, then there are only
finitely many s ∈ Bt(GLn) such that m(σ, τs) 6= 0.
Before proceeding to the proof of the proposition, we need two lemmas on supercuspidal
representations. Let G◦ ⊳ GLn(K) be the kernel of
GLn(K)
det
−−→ K×
val
−−→ Z
where val is the normalized valuation sending a uniformizer ̟K to 1 ∈ Z. G◦ therefore
contains all compact open subgroups of GLn(K). Let H be the subgroup ZG
◦ ⊂ GLn(K)
where Z = Z(GLn(K)) is the center of GLn(K). In our setup, Z ∼= K
× →֒ GLn(K) and
H ⊳ GLn(K) is a normal open subgroup of index n.
Lemma 3.15. Let K0 be a compact open subgroup of GLn(K). There are only finitely
many isomorphism classes of irreducible supercuspidal representations of G◦ with a K0
fixed vector.
Proof. This is the reformulation of the corollary of Proposition 3.21 in [Ber92]. 
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Lemma 3.16. Let K0 be a compact open subgroup of GLn(K). Then up to twisting by
an unramified central character, there are finitely many isomorphism classes of irreducible
supercuspidal representations π of H = ZG◦ satisfying the following conditions:
(1) Z acts by a character χ;
(2) π contains a K0 fixed vector, namely π
K0 6= 0.
Proof. Let S0 be the finite set of isomorphism classes of irreducible supercuspidal represen-
tations of G◦ with nonzero K0 fixed vectors as in Lemma 3.15. Now consider an irreducible
supercuspidal representation π of GLn(K) satisfying the two conditions in the lemma.
Since Z acts by a character, the restriction of π to G◦ as a supercuspidal G◦ representa-
tion is still irreducible. Therefore π|G◦ = π0 for some π0 ∈ S0. Let π
′ be another such
representation of GLn(K) with π
′|G◦ = π0. Let χ
′ := π′|Z . Since Z ∩ G
◦ = O×K ⊂ K
×,
χ|O×K
= π0|O×K
= χ′|O×K
, therefore χ = χ′η for an unramified character η of Z = K×. This
shows that for any h = zg ∈ ZG◦ with z ∈ Z and g ∈ G◦, π′(h) = η(z)π(h), hence the
lemma. 
Corollary 3.17. For each compact open subgroup K0 < K = GLn(OK), there are a finite
number of isomorphism classes of irreducible supercuspidal representations π of GLn(K)
up to twisting by an unramified character, such that πK0 6= 0.
Proof. Let π be such a supercuspidal representation with πK0 6= 0. Consider the restriction
πH := π|H , by Clifford theory (for restriction of possibly infinite dimensional representation
to a normal subgroup of finite index ι), πH = πH,1 ⊕ · · · ⊕ πH,d where d ≤ ι and all the
πH,i’s are conjugates to each other by some elements in G. In particular, we know for each
factor πH,i, the center Z acts by the same character χ and that each (πH,i)
K0 6= 0. Now
apply the Lemma above. 
Proof of Proposition 3.14. First we observe that Proposition 3.14 is equivalent to the fol-
lowing statement:
(A) For each normal open subgroup K0 ⊳ K of finite index, there are only finitely many
isomorphism classes of irreducible tempered representations π such that πK0 6= 0
(as a representation of K/K0).
To see this, note that σ has open kernel K0 ⊳ K of finite index, so the representation
factors through K/K0. The equivalence then follows from Remark 3.5 and the fact that
HomK(σ, πs|K) =
(
Hom(σ, πs|K)
)
K
= HomK/K0(σ, π
K0
s |K). Both directions of this equivalence
of claims will be used in the proof. First we reduce to the square integrable case.
(B) If for each m ≥ 1 and each normal open subgroup K0 ⊳ K of finite index, there are
finitely many isomorphism classes of irreducible square integrable representations
π of GLm(K) such that π
K0 6= 0, then the Proposition holds.
Proof of Claim (B). Fix n and σ as in the proposition. Now consider an irreducible
tempered representation π ∼= Q(∆1) × · · · × Q(∆r) = I
GLn
L
(
⊗ Q(∆i)
)
of GLn(K), where
L ∼=
∏
GLmini(K) is the standard Levi corresponding to the partition n =
∑
mini. Let P
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be the corresponding parabolic. By the same argument as in Lemma 3.6, we have(
Ind
GLn(K)
P
(
⊗Q(∆i)
))
|K = Ind
K
P∩K
((
⊗Q(∆i)
)
P∩K
)
.
Therefore, by adjunction of JK
KL
⊣ IK
KL
, where J denotes the Jacquet functor, and the fact
that KL = K ∩GLn(K) ∼=
∏
Ki :=
∏
iGLmini(OK), we have
HomK(σ, π|K) = HomKL(J
K
KL
σ,⊗Q(∆i)|KL).
Note that JK
KL
σ is a finite direct sum of smooth irreducible representations of KL, so it
suffices to show that for any smooth irreducible representation σL of KL, there are only
finitely many square integrable representations of L of the form Q(∆1)⊗ · · · ⊗Q(∆r) such
that HomKL(σL,⊗Q(∆i)|KL) 6= 0. Equivalently (as being observed above), for any tuple
(Ki,0 ⊳ Ki) of normal open subgroups of Ki = GLmini(OK), there are finitely many such
⊗Q(∆i) such that
(Q(∆1)⊗ · · · ⊗Q(∆r))
K1×···×Kr ∼= Q(∆1)
K1 ⊗ · · · ⊗Q(∆r)
Kr 6= 0.
But this follows from the assumption of Claim (B).
(C) If for each m ≥ 1 and each irreducible representation σ of GLm(OK), the multiplic-
ity m(σ, s) 6= 0 for only finitely many supercuspidal Bernstein components, then
the assumption of Claim (B) holds.
Proof of Claim (C). It suffices to show the following a priori slightly stronger form of
the assumption of Claim (B): for each given σ as in Claim (C), there are a finite number
of admissible representations of GLn(K) of the form π(∆) = π
′ × · · · × π′(m − 1) up to
twisting ∆ (more precisely twisting the π′(i)’s) by an unramified character, such that
HomK(σ, π(∆)|K) = HomK∆(J
K
K∆
σ, ⊗
0≤i≤m−1
π′(i)|K∆) 6= 0.
Here K∆ is the intersection of K with the standard Levi L∆ =
∏
GLn/m(K). This follows
from the same analysis as the proof of Claim (B) (note that each supercuspidal Bernstein
component contains a unique one with unitary central character).
Finally, the proposition follows from Corollary 3.17 (which implies the assumption of
Claim (C)) and the reduction steps above. 
As a consequence, we obtain Definition 1 from the introduction:
Corollary 3.18. The image of the generic multiplicity map m is contained in the subgroup⊕
s∈Bt Z ⊂
∏
s∈Bt Z. Therefore, we get
m : RL(K) −→
⊕
s∈Bt(GLn)
Z.
The same statement holds for mL instead of m.
3.4. Tempered K-type. In this subsection we reformulate the notion of tempered K-types
in [SZ99] as a certain section of the generic multiplicity map. 9
9Their notion of tempered K-type, however, is slightly different from the notion [BK93]
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3.4.1. For each ξ ∈ B(GLn), let B
t(ξ) be the pre-image Z−1(ξ) ⊂ Bt(GLn). In terms of
Lemma 3.4, Bt(ξ) corresponds bijectively to Pt(ξ) which are elements τ ∈ Ptn that map to
ξ ∈ P∞n . There is a partial order on each P
t(ξ) (hence on Bt(ξ)), induced from the domi-
nance order on Part, namely τ  τ ′ if and only if for all ξ0 ∈ I
0,
∑
i τ(ξ0)(i) ≥
∑
i τ
′(ξ0)(i)
for all i ≥ 1. For the discussion that follows it is convenient to write ⊕
s∈Bt(GLn)
Z =
⊕
ξ∈B(GLn)
(
⊕
τ∈Bt(ξ)
Z
)
. For each s ∈ Bt(GLn), let 1s ∈ ⊕
s∈Bt(GLn)
Z be the element with
entry 1 at the s-component and 0 everywhere else.
Proposition 3.19 (Proposition 6.2 [SZ99]). For τ ∈ Bt(GLn), there exists a smooth
irreducible L-representation σ(τ) of K, such that
(1) Let ξ = Z(τ) ∈ B(GLn), then m(σ(τ)) is contained in ⊕
s∈Bt(ξ)
Z ⊂ ⊕
s∈Bt(GLn)
Z.
(2) The τ -component of m(σ(τ)) is 1; and more generally the s-component of m(σ(τ))
is nonzero if and only if τ  s.
Proof. This is translated from Proposition 6.2 of [SZ99], or Theorem 3.7 of [Sho18] which
is the same translation in terms of Galois types. 
Corollary 3.20. Let σ : ⊕
τ∈Bt(GLn)
Z → RL(K) be the map given by 1τ 7→ σ(τ) as the
proposition above. Then the composition with the generic multiplicity
mσ :
⊕
τ∈Bt(GLn)
Z −→
⊕
τ∈Bt(GLn)
Z
is an isomorphism.
Proof. It suffices to show that for each ξ ∈ B(GLn), the restriction of mσ to
mσ(ξ) :
⊕
τ∈Bt(ξ)
Z −→
⊕
τ∈Bt(ξ)
Z
is an isomorphism. The basis of the finite free Z-module ⊕
τ∈Bt(ξ)
Z is index by Bt(ξ), which
we put a total order ≻ as follows: start from the maximal element of the dominance partial
order on Bt(ξ) and follow this partial order as much as possible, until two elements are not
comparable, then we order them randomly. As a result τ  τ ′ always implies τ ≻ τ ′ but
not conversely. For example, for the following elements in Part with the dominance partial
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order
(5, 1)
(4, 2)
(4, 1, 1) (3, 3)
(3, 2, 1)
(3, 1, 1, 1) (2, 2, 2)
(2, 2, 1, 1)
One way to put the order ≻ is
(5, 1) ≻ (4, 2) ≻ (3, 3) ≻ (4, 1, 1) ≻ (3, 2, 1) ≻ (3, 1, 1, 1) ≻ (2, 2, 2) ≻ (2, 2, 1, 1).
Then by Proposition 3.19, mσ(ξ) is an upper triangular matrix with 1’s on the diagonal,
therefore invertible. This shows that mσ is invertible. 
Corollary 3.21. The map
σv := σ ◦ (mσ)
−1 :
⊕
τ∈Bt(GLn)
Z −→ RL(K)
is a section of the generic multiplicity map.
Remark 3.22. Let us define the following two types of sections of m:
(1) A section t is typical if t(1τ ) is an irreducible representation of K for every τ ∈
Bt(GLn).
(2) A section is virtual if otherwise. Note that r is a virtual section of m if and only if
r sends 1τ to a virtual representation for some τ ∈ B
t(GLn).
The section σv from Corollary 3.21 is a virtual section.
3.4.2. Tempered types. Let σ be a smooth irreducible representation of K, let s = (L, ς) ∈
B(GLn) be an element of the Bernstein spectrum. σ is a type
10 for (L, ς) if for all smooth
irreducible representations π ∈ Rep∞n , π|K contains σ ⇔ π ∈ R
(L,ς). Suppose only the
direction ⇒ holds, then σ is called a K-type. Let π ∈ R(L,ς) be a smooth irreducible
representation in R(L,ς), a minimal K-type for π is a K-type of minimal dimension occurring
in π|K. The existence and uniqueness of types has been extensively studied, centering
around the following folklore conjecture: for each smooth irreducible representation π of
GLn(K), there exists a unique minimal K-type for π; and it occurs in π|K with multiplicity
1. This conjecture has been proven for GL2 by Henniart as an appendix to [BM02].
10Our definition of type agrees with the one given in [Pas05], which is slightly different from [BK93]. We
refer to latter notion as Bushnell-Kutzko types, which is a pair (J, σ) where J is a compact open subgroup
and σ a smooth irreducible representation of J – namely it allows more general compact open subgroups
than K = GLn(OK)
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For supercuspidal components, the existence of types essentially follows from [BK93]; the
uniqueness and multiplicity one of types is the main result of [Pas05]. In view of the generic
multiplicity map, we make the following definitions
Definition 3.23.
(1) Let τ ∈ Bt(GLn), a tempered type for τ is an irreducible representation σ of K such
that m(σ) = 1τ .
(2) Let ξ ∈ B(GLn) be an element in the Bernstein spectrum, define 1ξ to be 1ξ :=∑
τ∈Bt(ξ) 1τ ∈ ⊕
τ∈Bt(ξ)
Z. A generic type for ξ is an irreducible representation σ of K
such that m(σ) = 1ξ.
The folklore conjecture above in particular implies that a unique minimal generic type
exists for all ξ.
Conjecture 3.24. For each τ ∈ Bt(GLn), there exists a tempered type σ for τ .
From the definition, Conjecture 3.24 is equivalent to the existence of a typical section
σt :
⊕
τ∈Bt(GLn)
Z −→ RL(K).
One might even hope for a preferred such choice, which corresponds to the uniqueness of
minimal tempered types.
4. The Breuil–Me´zard conjecture
4.1. Statement of the conjecture. Recall from Section 2 that we start with a mod
λ representation ρ : GK → GLn(F), where K is a local field of residue characteristic l,
F = OL/λ a finite field of characteristic p 6= l. We further assume that L is large enough
in the sense of Corollary 2.9 – this ensures that the Galois inertia type is constant on each
connected component of SpecRρ (or its closed subscheme SpecR
,χ
ρ ).
4.1.1. The cycle maps. We first define the cycle maps, in terms of the generic multiplicity
map defined in Definition 3.13 and the following definition.
Definition 4.1. Let ρ and χ be as before, and fix L large enough. We define the component
maps cρ and c
χ
ρ
cρ :
⊕
τ∈Bt(GLn)
Z→ Z(Rρ ), c
χ
ρ :
⊕
τ∈Bt(GLn)
Z→ Z(R,χρ )
as follows. We identify τ ∈ Bt(GLn) = I
Gal
n by Lemma 3.4, and define
cρ : 1τ 7→ Z(R
,τ
ρ ), c
χ
ρ : 1τ 7→ Z(R
,τ,χ
ρ ).
Here we follow the notation from Subsection 2.4.1, Z(R,τρ ) = [R
,τ
ρ ]n2+1 ∈ Z(R

ρ ), and
similarly for Z(R,τ,χρ ).
THE BREUIL–ME´ZARD CONJECTURE FOR FUNCTION FIELDS 28
Definition 4.2 (Cycle maps). Retain notations from the definition above. We define the
cycle map
cycL : RL(K) −→ Z(R

ρ ), cyc
χ
L : RL(K) −→ Z(R
,χ
ρ )
to be the composition
• cycL := cρ ◦mL.
• cycχL := c
χ
ρ ◦mL.
where mL is the generic multiplicity map and cρ, c
χ
ρ are defined above.
Remark 4.3.
(1) Let C be the set of inertia types appearing in the deformation ring Rdet ρ = R

det ρ
of the character det ρ, namely that Rdet ρ[1/p] is the disjoint union ⊔
c∈C
Rcdet ρ[1/p],
where each Rcdet ρ parametrizes liftings of det ρ with inertia type c. For each c ∈ C ,
choose a lifting χ of det ρ of with inertia type c. These form a set [C ], which is the
set of L-points of Rdet ρ, one for each c ∈ C . If χ and χ
′ lie on the same component
Rcdet ρ, then m(σ, τ, χ) = m(σ, τ, χ
′) by Remark 3.11. Unwinding definitions, we
conclude that
cyc(σ) =
∑
χ∈[C ]
ιχ(cycχ(σ)),
where ιχ is the map
ιχ : Z(R,χρ )→ Z(R

ρ )
which sends the cycle Z(R,τ,χρ ) to the cycle Z(R
,τ
ρ ) for each inertia type τ , and
everything else to 0.
(2) cyc (resp. cycχ) is compatible with base change of the coefficient field. To be more
precise, suppose L′/L, then Rρ,O′L
∼= Rρ,OL⊗OLOL′ , and we have the natural map
Z(Rρ,OL)→ Z(R

ρ,OL′
) induced by base change. The following diagram commutes
RL(K) Z(R

ρ,OL
)
RL′(K) Z(R

ρ,OL′
)
cycL
⊗LL
′ ⊗OLOL′
cycL′
The same remark applies to cycχ.
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Finally, the cycle maps and the first remark can be summarized in the following diagram
(where the conjectural arrow suggests the existence of tempered types).
RL(K)
⊕
s∈Bt(GLn)
Z Z(Rρ )
Z(R,χρ )
mL
σt
cρ
cχρ ιχ
Remark 4.4 (Compare to [Sho18]). Let δ : RL(K)→ RL(K) be the involution induced by
taking dual representations, and define cycL,δ := cycL ◦ δ, as well as cyc
χ
L,δ := cyc
χ
L ◦ δ.
The twisted version of cycle maps are precisely what appears in [Sho18]. More precisely,
we have
(1) cycL,δ : RL(GLn(OK))→ Z(R

ρ ) is given by
cycL,δ(σ) :=
∑
all inertial types
m(σ∨, τ) · Z(R,τρ ).
(2) Similarly, cycχL,δ : RL(GLn(OK))→ Z(R
,χ
ρ ) is given by
cycχL,δ(σ) :=
∑
all inertial types
m(σ∨, τ, χ) · Z(R,τ,χρ )
4.1.2. The Breuil–Me´zard conjecture. We now have everything in place to (re)state the
Breuil–Me´zard conjecture (namely Conjecture 2 in the introduction).
Conjecture 4.5. Let K be a non-archimedean local field of residue characteristic l as
before, F a finite field of characteristic p 6= l. Let ρ : GK → GLn(F) be a continuous
representation.
(1) There exists a mod λ cycle map
cyc : RF(K) −→ Z(R

ρ /λ)
making the following diagram commute:
RL(K)
⊕
s∈B
Z Z(Rρ )
RF(K) Z(R

ρ /λ)
mL
red
cρ
red
cyc
(2) Moreover, for each character χ lifting det ρ, there exists a mod λ cycle map with
respect to χ:
cycχ : RF(K) −→ Z(R
,χ
ρ /λ)
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fitting into a similar commutative diagram
RL(K)
⊕
s∈B
Z
RF(K) Z(R
,χ
ρ )
Z(R,χρ /λ)
mL
red
cycχL
cχρ
cycχ
red
Remark 4.6.
(1) As remarked in the introduction, the surjectivity of the reduction map RL(K) →
RF(K) implies that, the map cyc (resp. cyc
χ) is necessarily unique.
(2) The conjecture is equivalent to the following naive-looking form: it simply requires
that ker(red) ⊂ ker(red ◦ cycL) (resp. ker(red) ⊂ ker(red ◦ cyc
χ
L)).
Remark 4.7. By Remark 4.3, part (2) of the conjecture implies part (1). a priori it is
unclear how to deduce part (2) from part (1). Therefore later we will prove the slightly
stronger version, namely with fixed determinant. The main result of [Sho18] is stated in
the form without specifying χ.
Remark 4.8 (Invariance under base change). The diagrams in the conjecture above
depend on L. For extension of the coefficient field L′/L, there are natural maps between
the two diagrams for L and L′ making everything commute. However, it suffices to prove
the conjecture after base change, since the natural map
Z(R,χρ /λ) = Z(R
,χ
ρ ⊗F) −→ Z(R
,χ
ρ ⊗F
′)
is injective, where F′ is the residue field of L′. From now on we will make no further mention
of the coefficient field L, and will simply assume that it is taken to be large enough.
4.1.3. Relation with the classical form. As mentioned in the introduction, the bridge be-
tween the cycle version of the Breuil–Me´zard Conjecture (Conjecture 4.5) and its classical
form is provided by tempered types, more precisely, the conjectural existence of a typical
section σt. Under the existence of σt (namely Conjecture 3.24), Conjecture 4.5 implies the
following “classical form”:
Corollary 4.9 (of Conjecture 4.5). Let ρ be a continuous mod λ representation, and fix
χ : GK → O
×
L lifting det ρ. There exists an (infinite) collection of integers {µσ(ρ)}σ indexed
by the set of isomorphism classes of irreducible F-representations of K = GLn(OK), such
that for each Galois inertia type τ , we have
e(R,τ,χρ /λ) =
∑
σ
nσ(τ) · µσ(ρ)
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where e denotes the Hilbert–Samuel multiplicity, and nσ(τ) denotes the Jordan–Holder
multiplicity of σ in Lτ
s.s.
, which is the semi-simplification of an invariant lattice Lτ ⊂ σt(τ).
Note that µσ(ρ) only depends on ρ.
Proof. This is clear from definitions, since cycχ(σ(τ)) = Z(R,τ,χρ ). 
Remark 4.10. However, the classical form does not a priori imply the cycle version of
the conjecture, this is because in general there are nontrivial elements in Z(R,χρ /λ) with
Hilbert–Samuel multiplicity equal to 0. Therefore, the cycle version is more refined than its
classical form of the Breuil–Me´zard conjecture in terms of Hilbert–Samuel multiplicities.
Remark 4.11. One advantage the cycle version of the conjecture enjoys is the following
simplification in its proof using global arguments (already observed in [Sho18]) compared
to the proof in [GK14] (there they consider for potentially Barsotti–Tate representations
in the l = p case). Namely, the linear algebra arguments reducing the conjecture for a
product of representations to an individual term are completely avoided. However, the
linear algebra lemma (Lemma 3.5.2 in [GK14]) implies that the integers µσ(ρ) in their
context, if exist, are unique. Our conjecture predicts a necessarily unique map cyc, it
however does not directly imply the uniqueness of µσ(ρ).
4.1.4. Inverting the cycle map. The formulate in Corollary 4.9 above can be regarded as the
consequence of an “optimal” way to invert the map cyc (and cycχ), “optimal” in the sense
that one only needs to attache to τ a single irreducible representation σt(τ) to compute
e(R,τ,χρ ). Less optimal ways to invert cyc and cyc
χ are provided by virtual sections. For
example, by Corollary 3.21, we have a way to attach each τ a virtual representation σv(τ).
Therefore, we arrive at the following corollary of the Conjecture (this is already observed
in [Sho18] as Corollary 4.9)
Corollary 4.12.
(1) For each Galois inertia type τ ∈ IGaln ,
red(Z(R,τ,χρ )) = cyc
χ(red(σv(τ)));
(2) There exists integers {µσ(ρ)}σ indexed by isomorphism classes of irreducible F-
representations of K, such that for each inertia type τ ,
e(R,τ,χρ /λ) =
∑
σ
nσ(σv(τ)) · µσ(ρ)
where nσ(σv(τ)) is determined as follows: if σv(τ) is represented by ς1 − ς2 with
each ςi an honest representation of K, then nσ(σv(τ)) = nσ(ς1)−nσ(ς2) where nσ(ςi)
is the Jordan–Holder multiplicity of σ in Lςi
s.s.
as before.
4.1.5. Determination of cyc. In the classical Breuil–Me´zard conjecture for potentially semistable
deformation ring (of 2-dimensional representations) with fixed inertia type τ and Hodge–
Tate weights v, the multiplicities µσ(ρ) can be determined thanks to the classification of
the finitely many irreducible mod p representations of GL2(OK) and can be expressed in
terms of Serre weights.
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In the l 6= p case, however, the determination of cyc (or even µσ) seem to be a dif-
ferent story, which is closely related to certain mod p (where p 6= l) inertial Langlands
correspondence. We hope to return to this aspect in a future project.
4.2. The main theorem. Now we state the main theorem of the article, which establishes
most of Conjecture 4.5 for local function fields.
4.2.1. The Breuil–Me´zard conjecture for function fields.
Theorem 4.13. Let K/Fl((t)) be a finite extension. Let ρ : GK → GLn(F) be continuous
representation and K = GLn(OK) as before. Suppose that p ∤ n(n− 1), and that p ∤ (l− 1).
Then both parts of the Conjecture 4.5 holds.
By Remark 4.7, an equivalent form of the theorem is that for every χ, we have
ker(red) ⊂ ker(red ◦ cycχ).
Note that we have suppressed the subscript of L since it is irrelevant in the theorem.
4.2.2. Outline of the proof. The main theorem follows directly from the following proposi-
tion.
Proposition 4.14. There exists an exact functor
M∞ : Rep
f.l.
O (K
s) −→ Mod
/R0⊗̂(R
,χ
ρ )
⊗̂s
where s is a positive integer and R0 is a power series ring over O such that
(1) If σ = ⊗σi ∈ Rep
f.l.
O (K
s) is λ-torsion free, then
Z(M∞(σ)) = n! · [SpecR0]× cyc
χ(σ∨1 )× · · · × cyc
χ(σ∨s )
as a cycle in Z(R0⊗̂(R
,χ
ρ )
⊗̂s).
(2) M∞ is compatible with reduction mod λ, namely for any σ,
M∞(σ)⊗O F =M∞(σ ⊗O F)
(3) If σ is λ-torsion free, then M∞(σ) is also λ-torsion free. In particular, Lemma
2.15 applies to M∞(σ).
Remark 4.15. Note that in the statement of property (1), we have used the identification
Z(R0⊗̂(R
,χ
ρ )
⊗̂s) = Z(R0)⊗Z(R
,χ
ρ )
⊗s,
which follows from Lemma 2.16 and Proposition 2.13.
Proof of Proposition 4.14 ⇒ Theorem 4.13. This is similar to the proof of Theorem 4.6 in
[Sho18], which we include for completeness. Note that the map F 7→ Z(F) of taking cycles
(counted with multiplicity) is additive on short exact sequences, hence by exactness of M∞
we get well defined maps
RL(K
s)
Z◦M∞◦δ−−−−−−→ Z(R,χρ )
⊗s and RF(K
s)
Z◦M∞◦δ−−−−−−→ Z(R,χρ /λ)
⊗s,
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where δ denotes taking dual representations in RL(K
s) (resp. in RF(K
s)). Now by properties
(2) and (3) of M∞, we know that for any σ ∈ RL(K
s),
Z
(
M∞(red(σ))
∨
)
= Z(M∞(red(σ
∨))) = Z(M∞(σ
∨)⊗ F) = red(Z(M∞(σ
∨)))
where the last equality follows from Lemma 2.15 and the fact that M∞(σ
∨) is λ-torsion
free. In other words, we have the following commutative diagram
RL(K
s) Z(R,χρ )
⊗s
RF(K
s) Z(R,χρ /λ)
⊗s
Z◦M∞◦δ
red red
Z◦M∞◦δ
Then it is clear that ker(red) ⊂ ker(red ◦ cycχ). 
The construction of the functor M∞ will occupy the next two sections, which we briefly
outline in the rest of this section (also see the introduction). The proof that M∞ has the
desired properties is given in Subsection 6.4.4.
4.2.3. Global realization. Let ρ : GK → GLn(F) be the given continuous representation, we
will first realize ρ as the local component of the reduction r of a global Galois representation
r : GF → GLn(OL),
namely that ρ = r|Fv at a certain finite set of places v ∈ S1 of F . For this we first apply a
theorem of Moret-Bailly to produce the mod λ representation r, and then lift r to r using a
result of Gaitsgory together with the computation of the Krull dimension of certain global
Galois deformation rings.
In addition, r is controlled carefully at other finite sets of places S2 and SD disjoint
from S1, so that r is trivial at S2, and is the special representation (cf. Definition 3.1)
at SD (in particular indecomposable). This allows us to apply the global Langlands and
Jacquet-Langlands correspondence to obtain an automorphic representation π of some
central division algebra D over F , which satisfies Dv ∼= GLn(K) and gives rise to the
Galois representation r = r(π).
4.2.4. Patching. We then apply the Taylor–Wiles–Kisin patching method to construct the
functor M∞. For each finitely generated O-module Mσ with an action of K, we construct a
Taylor–Wiles systems QN of auxiliary primes, and define the spaces of automorphic forms
SN (σ) such that the action of K ⊂ GLn(K) ⊂ Dv at v is prescribed to be induced from the
action of K onMσ. In the infinite level, we patch to get the desired moduleM∞(σ). It then
remains to show that the support ofM∞(σ) satisfies property (1) in Proposition 4.14, which
follows from the fact that “all points on the deformation rings are automorphic”, which
in the function field case is a consequence of L. Lafforgue’s theorem on global Langlands
correspondence for GLn.
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5. Global realization of local Galois representations
The goal of this section is to prove Proposition 5.18, namely to realize ρ as the mod λ
reduction of the local restriction of a global Galois representation r which is automorphic.
5.1. Galois deformations. We first recall and modify certain calculations of tangent
spaces of global deformation rings, which we need both in proving Proposition 5.18 and in
setting up the patching argument. For this subsection, we let K be any local function field
over Fl((t)) and ρ : GK → GLn(F) an arbitrary continuous Galois representation, while
keeping the rest of our notations as well as assumptions on O = OL and r : GF → GLn(F).
We hope this will not cause confusion.
5.1.1. The deformation rings. Let F be a global field over Fl(t). We fix a finite set of
primes T of F , and a finite set of auxiliary primes Q disjoint from T . Let
r : GF → GLn(F)
be a continuous representation unramified outside T . Let S = SQ = T ⊔Q. We also fix a
local deformation problem Dv (in the sense of Definition 2.2.2 of [CHT08]) at each v ∈ S,
which corresponds to an ideal Iv ⊂ R
,χ
ρ that is invariant under ker(GLn(R
,χ
ρ )→ GLn(F)).
We will consider Galois deformations of the GF,S representation r with local conditions Dv
at each v ∈ S and local frames at v ∈ T . More precisely, similar to Definition 2.1.1,
let us fix a character ψ : GF,S → O
× lifting det r and define the deformation functor
DT ,ψr,S : CO −→ Sets by
DT ,ψr,S (A) = {(r, {αv}v∈T )}/ ≃
where r ∈ D,ψr (A) is a framed deformation of r with determinant ψ, such that r|GFv ∈ Dv
for all v ∈ S; and {αv} is a collection of elements in ker(GLn(A) → GLn(F)) for each
v ∈ T . The equivalence relation ≃ is given by conjugation by ker(GLn(A) → GLn(F)),
namely
(r, {αv}v∈T ) ≃ (ara
−1, {a · αv}v∈T )
for a ∈ ker(GLn(A) → GLn(F)). Suppose that r is absolutely irreducible, then D
T ,ψ
r,S is
pro-representable by a complete noetherian ring RT ,ψr,S , with the universal map
rT ,ψS : GF,S → GLn(R
T ,ψ
r,S ).
In the case when T = Ø, we denote the global deformation ring without frames by Runiv,ψr,S .
Finally, we define
Rloc := ⊗̂
v∈T
(R,χvρv /Iv).
By the universal property of each R,χvρv /Iv, we obtain a canonical map
Rloc −→ RT ,ψr,S .
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A crucial step in the Taylor–Wiles–Kisin patching method ([Kis09b], [CHT08]) is to com-
pute the relative dimension of RT ,ψr,S over R
loc (at the closed point). Next we carry out
this standard computation in the function field setup.
5.1.2. The subspace I˜v ⊂ Z
1(GK , ad
0 ρ). In this discussion let K = Fv for some place v of
F . We write F[ǫ] for F[ǫ]/ǫ2. Let χ : GK → O× be a character such that χ ≡ det ρ mod λ.
Let ad0 ρ := {Σ ∈ ad ρ : tr Σ = 0} ⊂ ad ρ, where GK acts by conjugation. We denote by
B1(GK , ad
0 ρ) (resp. Z1(GK , ad
0 ρ)) the space of 1-coboundaries (resp. 1-cocycles). Recall
that as F-vector spaces we have
HomF(mR,χρ
/(m2
R,χρ
, λ),F) ∼−→ D,χρ (F[ǫ])
∼−→ Z1(GK , ad
0 ρ).
To compute the dimension of R,χρ /Iv, first consider the image of Iv given by
I˜v := im(Iv → mR,χρ
/(m2
R,χρ
, λ)),
and then define L˜v as the annihilator of I˜v,
L˜v := {f : mR,χρ
/(m2
R,χρ
, λ)→ F | f(I˜v) = 0}.
Remark 5.1. From the definition we know that
• L˜v is the preimage of Lv := L˜v/B
1(GK , ad
0 ρ) ⊂ H1(GK , ad
0 ρ).
• Z1(GK , ad
0 ρ)/L˜v
∼−→ H1(GK , ad
0 ρ)/Lv .
Finally let L⊥v ⊂ H
1(GK , ad
0 ρ(1)) be the annihilator of Lv, under the pairing induced
from the trace pairing on ad0 ρ× ad0 ρ(1)→ F(1).
5.1.3. The relative dimension. The computation of the dimensional of the space
HomF(mRT ,ψS
/(m2
R
T ,ψ
S
,mRloc , λ),F)
is identical to the number field case. For each v ∈ S = SQ, write Gv = GFv . The F-vector
space HomF(mRT ,ψr,S
/(m2
R
T ,ψ
r,S
,mRloc , λ),F) is canonically isomorphic to first cohomology
H1 of the 3-term complex
ad r
∂ ⊕ ⊕
v∈T
resv
−−−−−−−→ Z1(GF,S , ad
0 r)⊕ ⊕
v∈T
ad r(
⊕
v∈S
resv
)
⊕ ⊕
v∈T
-∂
−−−−−−−−−−−−→ ⊕
v∈T
Z1(Gv , ad
0 r)⊕ ⊕
v∈S\T
Z1(Gv , ad
0 r)/L˜v
On the other hand,H1 of the complex above is isomorphic toH1S,T (GF,S , ad
0 r) := H1(C•S,T ),
where C•S,T is a complex defined as follows. First, define C
•
loc by
• C0loc := ⊕
v∈T
C0(Gv , ad r)
• C1loc := ⊕
v∈T
C1(Gv , ad
0 r)⊕ ⊕
v∈Q
C1(Gv , ad
0 r)/L˜v
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• Ciloc := ⊕
v∈S
Ci(Gv, ad
0 r) for i ≥ 2.
Next define Ci0 by
• C00 := C
0(G, ad r) = ad ρ, Ci0 := C
i(G, ad0 r) for i ≥ 1
Finally, define (C•S,T , d
•
S,T ) to be the complex
CiS,T := C
i
0 ⊕ C
i−1
loc , d
i
S,T : (φ, {ψv}) 7→ (∂φ, {φ|Gv − ∂ψv}).
We proceed to compute H1S,T as in [CHT08] and [Kis09b], using the long exact sequences
of cohomology associated to the exact sequence of complexes
0→ Ci−1loc → C
i
S,T → C
i
0 → 0.
For us F/Fl((t)) is a function field and F has characteristic p 6= l, so we have the following
standard facts.
Proposition 5.2. Let V be a finite dimensional F-vector space.
(1) Local and global vanishing. Let V be a G representation where G = GK or GF,S,
then for i ≥ 3,
H i(G,V ) = 0.
(2) Local Tate duality. Let V be a GK representation, then
Hr(G,V ∨(1)) ∼= H2−r(G,V )∗
where ∨ denotes the dual representation, and ∗ denotes the Pontryagin dual.
(3) Euler characteristic. Let V be a G representation where G = GK or GF,S, then in
both cases
χ(G,V ) :=
∑
i=0,1,2
(−1)i dimFH
i(G,V ) = 0
Proof. Note that F = OL/λ has characteristic p 6= l. For (1), the local case follows from
Corollary 2.3 (local Tate duality) in [Mil86], the global case is Theorem 4.10 (c) in ibid.
For (2). The case G = GK is Theorem 2.8 in ibid, the global case follows from Theorem
5.1 (and the remark that follows) in ibid. 
Denote by χloc, χS,T , χ0 respectively the Euler characteristic of the complexes C
•
loc, C
•
S,T , C
•
0 ,
recall that p ∤ n by assumption, therefore
χS,T =χ0 − χloc
=1−#T +
∑
v∈Q
(dimFH
0(Gv , ad
0 r)− dimF Lv) + χ(GF,S , ad
0 r)−
∑
v∈S
χ(Gv , ad
0 r)
=1−#T +
∑
v∈Q
(dimFH
0(Gv , ad
0 r)− dimF Lv)
Finally, using Poitou-Tate sequence for function fields (and following the same proof of
Lemma 2.3.4 in [CHT08]) we have
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Corollary 5.3. Suppose that r is absolutely irreducible and p ∤ nl, let t = #T be the size
of T , then
dimFHom(mRT ,ψr,S
/(m2
R
T ,ψ
r,S
,mRloc , λ),F)
= t− 1 +
∑
v∈Q
(
dimF Lv − dimFH
0(Gv, ad
0 r)
)
+ dimFH
1
S,T (1)
where H1S,T (1) := ker
(
H1(GF,S, (ad
0 r)(1))
⊕res
−−−→ ⊕
v∈Q
H1(Gv , ad
0 r (1))/(Lv)
⊥
)
.
Corollary 5.4. Suppose that r is absolutely irreducible and p ∤ nl, then
(1) The deformation ring RT ,ψr,S has Krull dimension at least∑
v∈Q
(
dimF Lv − dimFH
0(Gv , ad
0 r)
)
+
∑
v∈T
dimR,ψvr|v /Iv
(2) Consequently, the Krull dimension of Runiv,ψr,S is least
1 +
∑
v∈S
(dimR,ψvr|v /Iv − n
2)
Proof. (1) is immediate from Corollary 5.3. (2) follows from (1), because by definition
dimFLv − dimFH
0(Gv , ad
0 r) = dimF(L˜v)− (n
2 − 1) ≥ 0. 
5.1.4. A finiteness result. In order to build a global automorphic representation r such
that the local components of r realize ρ, we will need to exhibit a L-point of certain global
Galois deformation rings. Following the strategy of Khare-Wittenberger, we create such
a point by showing that the relevant deformation ring is a finite module over O and has
Krull dimension at least 1.
The finiteness result we need follows from a theorem of Gaitsgory and is closely related
to a conjecture of de Jong. To explain the setup let k/Fl be a finite field and let X be
a normal curve over k which is geometrically connected. Let X := X ×Spec k Speck be
its base-change to the geometric point. Then we have a short exact sequence linking the
geometric and arithmetic fundamental groups
1→ π1(X)→ π1(X)→ G(k/k)→ 1.
Theorem 5.5 (de Jong, Gaitsgory). Let r : π1(X) → GLn(F) be a continuous represen-
tation with p > 2 and p ∤ nl. Let ψ : π1(X) → GLn(F) be a continuous character lifting
det r. Suppose that r|pi1(X) is absolutely irreducible, then the deformation ring R
univ,ψ
r is
finite flat over O.
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Proof. We first explain the relation between this theorem and de Jong’s conjecture. In
[dJ01], de Jong predicts the following 11
Conjecture. Let L′ be a local function field of characteristic p 6= l, and let V be a finite
dimensional L′-vector space. Let r : π1(X)→ GLn(V ) be a continuous representation (with
respect to the topology on GLn(V ) induced from L
′). Then r(π1(X)) is finite.
Moreover, de Jong shows that the conjecture implies Theorem 5.5 (Theorem 3.5 of
[dJ01]). The conjecture has been proven by Gaitsgory in [Gai07] using methods from
geometric representation theory, hence the theorem follows. 
Remark 5.6. Bockle and Khare also prove similar finiteness results under different as-
sumptions on r, for example Theorem 1.6 of [BK06]. We cannot directly use their results
in our construction later, since they typically require that at some place v ∈ S, r|v is
absolutely irreducible with tame ramification.
5.2. A theorem of Moret-Bailly. The following lemma is due to Calegari, as an appli-
cation of a theorem of Moret-Bailly. The lemma is stated for number fields in Calegari’s
article [Cal12] Prop. 3.2, but same proof goes through in the function field case.
Lemma 5.7. Let Γ be a finite group. Let M/Fl(t) be a finite extension, and Σ a finite
set of places M . Let MAux be a fixed auxiliary field over M . For each v ∈ Σ, fix a finite
Galois extension Hv/Mv together with a morphism
φv : G(Hv/Mv) →֒ Γv := imφv ⊂ Γ.
Then there exists a finite extension F/M and finite Galois extension E/F such that
(1) There is an isomorphism ψ : G(E/F ) ∼−→ Γ.
(2) E/M is disjoint from MAux.
(3) Every v ∈ Σ splits completely in F .
(4) For each v ∈ Σ and any place w of F above v, there exists a place w′ of E above w
such that Dw′|w ⊂ G(E/F ) is identified with Γv under ψ.
To summarize, starting from the data of
{MAux/M,Γ,Σ, {φv : G(Hv/Mv)
∼−→ Γv →֒ Γ}}
11In fact de Jong’s conjecture is stated for general integral schemes which is normal, separated and of
finite type, we have restricted to curves for the purpose of this article.
THE BREUIL–ME´ZARD CONJECTURE FOR FUNCTION FIELDS 39
we can create E/F over M with ψ : G(E/F ) ∼−→ Γ, such that places in Σ split in F and
ψ(Dw′|w) = Γv for suitable choices of w
′, which fit together as follows.
Ew′ Hv
E Fw Mv
MAux F
M
∼−→ Γv ⊂ Γ
5.3. Realization of local Galois representations. We will use Lemma 5.7 to realize
ρ as local components of a global Galois representation. For this we first need to specify
several choices of local decomposition groups (which will correspond to Γv in Lemma 5.7).
In the application, we let Γ := GLn(F) and assume p 6= n(n − 1) as in the statement of
Theorem 4.13.
5.3.1. Σ1.
Take M = Fl(t) which is the function field of X := P1Fl, and let x ∈ |X| be a closed
point of degree d, such that Mx ∼= K. Let Σ1 to be the singleton {x}. Fix a separable
closure K ∼= Mx, and identify GK = G(Mx/Mx). We started with the local Galois
representation ρ : GK → im(ρ) ⊂ GLn(F) =: Γ. Now we define Hx := (Mx)ker ρ ⊂Mx and
Γx := im(ρ) ⊂ Γ. The map φx is given by ρ, namely
φx : G(Hx/Mx) = GK/ ker ρ
ρ
−−→ Γx = im ρ.
5.3.2. Σ2.
Let Σ2 be a singleton {z} disjoint from Σ1, such that ζp /∈ Mz. For example, since
M = Fl(t), and x is a degree d point in X as in 5.3.1 above, then z could be taken to be
origin of X = P1Fl . In this case Mz
∼= Fl((t)), and does not contain ζp, since p ∤ l− 1 by our
assumption.
Let ρΣ2 be the trivial representation ρΣ2 = triv : GMz → {1} ⊳ GLn(F). This time,
Γz = {1} is the trivial subgroup of Γ, and Hz :=Mz.
5.3.3. Σ3.
Let Σ3 be a finite collection of places of size #|GLn(F)| disjoint from Σ1 and Σ2, such that
for each u ∈ Σ3,Mu contains ζp. Let ρu : GMu → GLn(F) be a collection of representations
such that their images {Γu := im(ρu)}u∈Σ3 generate GLn(F). This can be achieved since
we have taken Σ3 to be large enough.
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5.3.4. ΣD.
Let ΣD = {y
1, ..., yn} be a set of n places of L disjoint from Σ1 – Σ3. For each 1 ≤ i ≤ n,
let Mi := Myi be the local field at the place y
i. We will consider certain ”Weil–Deligne
representations” of Wi := WMi over finite fields, given by ρ
′
i := Spn = (Spn(triv), N)
in the spirit of Definition 3.1. Now let us fix a lift of Frobenius ϕ and the p-part of a
tame character tp : IK ։ Zp ։ Fp, and define the corresponding “Galois” representation
ρi : Wi → GLn(F) which extends to a continuous representation ρi : GMi → GLn(F). Note
that ρi is indecomposable. In particular, any lifting of ρi to a continuous representation
Gi := GMi → GLn(O) is indecomposable. More precisely, we take (a conjugate of) the
Galois representation
ρi : GMi → GLn(O)
associated to the Weil–Deligne (ρ′i = Spn(triv), N) with triv : GMi → O
×, as in Definition
3.1. Note that we need to taking a conjugate by elements in GLn(L), since when p < n, the
exponential of the tame character introduces denominators of positive p-adic valuations.
Then we take the reduction mod λ of ρi to get ρi.
Finally, we define the data {Γi,Hi/Mi, φi}1≤1≤n as above, coming from ρi.
5.3.5. Building a global representation.
Proposition 5.8. Retain all assumptions from Theorem 4.13, and let χ be a fixed lifting
of the character det ρ. Then there is a global function field F/Fl(t) with representation
r : GF → GLn(F)
and a lift of r:
r : GF → GLn(OL),
together with disjoint places S1 and SD of F , satisfying the following conditions:
(1) ζp /∈ (F )
ker ad r.
(2) r(GF (ζp)) = GLn(F)
(3) For each place x ∈ S1, rx = r|Fx realizes ρ. Namely there is an isomorphism
Fx ∼= K and r|GFx
∼= ρ.
(4) For every place y ∈ SD, the restriction r|Fy at y is isomorphic to the Galois repre-
sentation associated to the special Weil–Deligne representation Spn(triv) ( cf. Def-
inition 3.1), where triv is the trivial character.
(5) Both r and r are unramified outside S1 ⊔ SD.
(6) At each x ∈ S1, det r|GFx
∼= χ.
(7) There exists a character η0 : GF,S1⊔SD → O
× such that det(η−10 ⊗ r) has finite
order.
Remark 5.9. In the requirement (4), note that the Galois representation ofWK associated
to Spn(triv) extends to GK (since the Frobenius eigenvalues are 1, in particular p-adic
integers in OL). It is evidently indecomposable. We will abuse notation and denote this
Galois representation of GK also by Spn(triv).
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Proof. Step 1. First we prove that there exists such r without the requirement (5) by
applying Lemma 5.7, and then modify it slightly by applying the lemma one more time.
We first apply Lemma 5.7 to the following setup:
• MAux =M where M is given in 5.3.1. Most importantly, Mx ∼= K.
• Γ = GLn(F).
• Σ = Σ1 ⊔ Σ2 ⊔ Σ3 ⊔ ΣD.
• {Γv,Hv/Mv, φv}v∈Σ as specified above in 5.3.1 - 5.3.4.
Now the lemma immediately produces a finite Galois extension E/F with
r : GF ։ G(E/F )
ψ
−→
∼=
Γ = GLn(F) →֒ GLn(F).
Let Si be the places of F above Σi for i = 1, 2, 3,D. We sometimes abuse notations and
denote a place in Σ and a place above it both by the same letter.
By construction F and r satisfy property (3), and the part of (4) after reducing mod
λ, and that r(GF ) = GLn(F). Now we show that (1) is satisfied. Consider ad r : GF →
GL(End(Fn)) where the action on End(Fn) is given by conjugation. The restriction of ad r
at places in S2 is given by
(ad r)|GFz = ad(r|GFz )
∼= ad ρΣ2 ,
which implies that
G(F
ker ad r|z
z /Fz) →֒ G(F
ker ad r
/F ).
Now we have field extensions (after fixing F →֒ F z)
F
ker ad r|z
z
Fz F
ker ad r
F
which implies that F
ker ad r
⊂ F
ker ad r|z
z = Fz, but Fz
∼= Mz does not contain ζp by con-
struction.
Furthermore, (2) is satisfied since ζp ∈ Fu for each u ∈ S3, and the image of r|GFu gener-
ate GLn(F) by construction, but GFu is a subgroup of GF (ζ) for all u. This completes the
construction of E/F/M with r : GF ։ G(E/F )
∼−→ GLn(F) with requirement properties
(1) – (4).
Step 2. Next we modify our construction of F and r to satisfy (5). For this we consider
the following setup:
• M˜aux = E, M˜ = F from the construction above.
• Γ˜ = GLn(F)
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• Let Σ˜ = Sr ⊔ S, where S := S1 ⊔ S2 ⊔ S3 ⊔ SD, and
Sr := {ramified places of E/F away from S1 ⊔ SD}.
We may assume that Sr 6= Ø otherwise we are already done.
• – For each place v ∈ S, let Γv = {1} and φv the trivial action.
– For each v ∈ Σ˜, pick w in E above v, and let
Γ˜v = im(G(Ew/Fv) →֒ G(E/F )
∼−→ Γ˜),
and φ˜w the corresponding representation.
Now Lemma 5.7 gives us extensions E˜/F˜ /F where E˜/F˜ has Galois group GLn(F) and is
linearly disjoint from M˜aux = E.
Finally we replace E/F (namely M˜aux/M˜ ) by E
′ := EE˜ over F ′ := FE˜, which is Ga-
lois with G(E′/F ′) ∼= GLn(F). Now the representation r′ : GF ′ → G(E′/F ′)
∼−→ GLn(F)
satisfies the requirements (1)–(4), since all places v ∈ S splits completely in E′, and by
construction r′ is unramified outside S1 and SD. This completes the construction of F and
r, satisfying requirements (1)–(5) in the lemma (except for the part of (4) regarding r).
Step 3. Now we carefully lift r to satisfy (4), (6) and (7). First consider χ = det ρ :
GK → F×. Let W (χ) : GK → W (F)× ⊂ O× be the Witt vector lifting of χ then the mod
λ reduction of χ ·W (χ)−1 is trivial, hence we can take its pth root χ0 (since n is invertible
in O). Namely χ = χn0 ·W (χ), where χ0 mod λ is trivial. Now fix be a lifting η0 of the
trivial character triv : GF,S → F× such that η0 satisfies the following local conditions
(1) At x ∈ S1, η0|GFx = χ0.
(2) At y ∈ SD, η0|GFy = triv is the trivial character.
This leads to the following character
η := (η0)
n ·W (det r) : GF,S →W (F)
×.
Note that η′ := η · (η0)
−n is finite, and η|GFx = (χ0)
n ·W (χ) = χ for each x ∈ S1.
We need to construct a lifting r of r : GF,S → GLn(F) to OL, which has a fixed
determinant η, and satisfying the following local condition:
• At each y ∈ SD, we ask the lifting to be isomorphic to Spn.
To find such a characteristic 0 lifting we proceed as follows. First we consider the global
deformation ring of r : GF,S → GLn(F) with the finite character η′ and with no local
conditions. We claim that Runiv,η
′
r is finite over O.
Let F = F (X˜) be the function field of the projective curve X˜ over a finite field k/Fl,
and let X = X˜ − S. To the prove the claim it suffices to show that r(π1(X)) is absolutely
irreducible so that we could apply Theorem 5.5. To see this we use our assumption on r
at places y ∈ SD. Let π1(X)0 (resp. π1(X)0) be the kernel of the map
r|pi1(X) : π1(X)→ GLn(F)
det
−−→ F×
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(resp. of r : π1(X)→ GLn(F)
det
−−→ F×). Now consider
π1(X)0 → SLn(F)։ PSLn(F).
By construction, we have that for any y ∈ SD, r|IFy : IFy →֒ π1(X)0 and its image in
SLn(F) is not contained in the center Z(SLn(F)), therefore the map π1(X)0 ։ PSLn(F) is
nontrivial and hence surjective since PSLn(F) is a simple group (Note that by Remark 2.10
we have conveniently excluded the possibility of F being either F2 or F3). This shows that
the representation r|pi1(X) is absolutely irreducible (since it is already absolutely irreducible
when restricting to π1(X)0) and finishes the proof of the claim.
Step 4. Let us consider the global deformation ring of GF,S with local conditions at
SD. For each y ∈ SD, let τy := Spn(triv)|IFy , namely the Galois inertia type given by the
restriction of the Galois representation associated to (Spn(triv), N) :WFy → GLn(L). Note
that in particular det Spn(triv) = triv is the trivial character. Let η
′
v = η
′|GFv for each place
v of F , then η′y is trivial at all y ∈ SD. By Corollary 2.12, SpecR
,τy,η′y
r|y
is an irreducible
component of SpecR
,η′y
r|y
and has dimension n2. Now let the local deformation problems
at each y ∈ SD be given by the quotient R
,τy,η′y
r|y
. Let dimRuniv,η
′
r,S be the universal global
deformation ring with these local conditions at SD, then dimR
univ,η′
r,S ≥ 1 by Corollary 5.4.
By the previous step, we also know that Runiv,η
′
r,S is finite over O since it is a quotient
of Runiv,η
′
r . These two conditions on R
univ,η′
r,S imply that SpecR
univ,η′
r,S contains a L-point
r′ : GF,S → GLn(OL). Then twisting by the character η0 we get a L-point of R
univ,η
r , which
corresponds to a representation
r = r′ ⊗ η0 : GF,S → GLn(OL),
whose reduction mod the maximal ideal of OL agrees with r. By construction, we know
that WD(r|GFv ) is isomorphic to Spn(ψ) for some (unramified) character ψ. Finally by
the fact that the determinant ηy is trivial, we conclude that ψ is isomorphic to the trivial
character. This concludes the lemma. 
5.4. Langlands for function fields.
5.4.1. The global Langlands correspondence. We will need the following celebrated theorem
of L. Lafforgue as an input in our proof of the main theorem. Let F/Fl(t) be as above, p a
prime different from l. Let An(F ) be the set of isomorphism classes of cuspidal automorphic
representations of GLn(AF ), with central characters of finite order. Let Gn(F ) be the set
of isomorphism classes of p-adic representations of GF unramified at all but finitely many
places, with finite determinant.
Theorem 5.10 (Theorem 6.9, [Laf02]). There exists a unique bijection
An(F )
∼−→ Gn(F ), π 7→ σpi
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from cuspidal automorphic representations to Galois representations, matching up Hecke
and Frobenius eigenvalues (at unramified places), or equivalently, satisfying the compati-
bility between L-functions.
The global Langlands correspondence above is compatible with local Langlands corre-
spondence [cf. Subsection 3.1.3] in the following sense:
Proposition 5.11 (Proposition 7.4, Corollary 7.5, [Laf02]). Let X be a smooth proper
curve over Fl with function field F , let π ∈ An(F ) and σ its corresponding Galois rep-
resentation in Gn(F ). For any x ∈ |X|, let K = Fx be the completion of F at x, πx the
local component of π at x, and σx the Weil–Deligne representation associated to σ|GK , then
recn(πx) = σx under the local Langlands correspondence recn as in Subsection 3.1.3.
Corollary 5.12. Let r : GF → GLn(OL) be the representation obtained in Proposition
5.8, then there exists a cuspidal automorphic representation π corresponding to r (in the
sense that the Frobenius eigenvalues match up with Hecke eigenvalues). Moreover, π is
unramified outside S1 ⊔ SD, and at each y ∈ SD, πy = rec
−1
n (Spn(triv)) is the Steinberg
representation Stn, as defined in Subsection 3.1.2.
Proof. We use the same notation in the proof of Proposition 5.8. Since det r′ = det(η−10 ⊗r)
is finite, r′ = η−10 ⊗ r corresponds to a cuspidal automorphic representation π
′ of GLn(AF )
by Theorem 5.10. Let ǫ0 be the character of A
×
F /F
× corresponding to η0 in class field
theory. Then π := π′ǫ0 is the desired cuspidal automorphic representation corresponding
to r. At each place v of F , we have
recn(πv) = recn(π
′
v)⊗ rec1(ǫ0) = WD(r ⊗ η
−1
0 |v)⊗WD(η0|v) = WD(r|v)
where r|v := r|GFv as usual. In particular, at each y ∈ SD, πy is the Steinberg representa-
tion. 
5.5. The Jacquet-Langlands correspondence for function fields. Next we apply
Jacquet-Langlands to show that the Galois representation r constructed in the Corollary
5.12 comes from a cuspidal automorphic representation associated to some central simple
algebra D. To proceed, we fix the following convention for the rest of this section.
• Let K be a finite extension of Fp((t)) as usual, and (π, V ) be a smooth admissible
representation of GLn(K).
• Let Gr.s. be the set of regular semi-simple elements in GLn(K). (Recall that an
element g ∈ GLn(K) is regular semi-simple if the characteristic polynomial Pg(X) ∈
k[X] of g has distinct roots over K. )
• Let Gr.e. ⊂ Gr.s. to be the subset of regular elliptic elements (Recall that an ele-
ment g ∈ Gr.s. is regular elliptic if in addition its characteristic polynomial Pg is
irreducible).
5.5.1. Elliptic elements and elliptic representations. For the representation (π, V ) of GLn(K),
the Hecke algebra H(GLn(K)) = C
∞
c (GLn(K)) acts on V by
π(f)(v) =
∫
G
f(g)π(g)vdg,
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which makes (π, V ) an H(G)-modules where each π(f) is a finite rank operator. The trace
of π(f) gives rise to the distribution character Θpi : H(G) → C. By the theory of Harish-
Chandra (whenK has characteristic 0) and of Lemaire (whenK has positive characteristic),
Θpi is represented by the Harish-Chandra character χpi, which is locally constant on the
regular semi-simple elements Gr.s.. In other words, for each f ∈ H(GLn(K)),
Θpi(f) =
∫
GLn(K)
f(g)χpi(g)dg.
Definition/Lemma 5.13.
(1) A smooth admissible representation (π, V ) of GLn(K) is elliptic if its Harish-
Chandra character χpi is not identically 0 on G
r.e..
(2) Every essentially square integrable representation is elliptic.
For more details on elliptic representations and the claim above, we refer the readers to
[BR17] and the references therein.
5.5.2. The global Jacquet-Langlands correspondence. Now let F be a global function field
over Fl, and let D be a central division algebra over F of dimension n2. At each place v
where D ramifies (in other words, is non-split), (D⊗Fv)
× = GLrv(Dv) where Dv is central
algebra over Fv of dimension d
2
v, such that n = rvdv . For simplicity we assume that at all
non-split places, the local invarians are 1/n, so rv = 1 and (D⊗Fv)
× = D×v . The following
is a special case of D-compatible automorphic representations defined in [BR17].
Definition 5.14. As above, let D be a central division algebra such that at all non-
split places v, dv = n. Then a discrete series representation π =
⊗′ πv of GLn(AF ) is
D-compatible if for all v where D is non-split, the local component πv is elliptic.
Write A = AF and fix an element a ∈ A× of degree 1, which gives rise to the central
lattice J = aZ. Now let G be either GD or GLn, note that G(F )\G(A)/J has finite
measure. We consider the set Ads(G(A)) of discrete series representations of G(A). Here
by a discrete series we mean an irreducible subrepresentations of the right translation
RG,χ of G(A) acting on L2∞(G(F )\G(A)/J, ψ0) for some smooth complex quasi-character
ψ0 : F
×\A×/J → C, where 12
L2∞(G(F )\G(A)/J, ψ0) = lim−→
V compact open
L2(G(F )\G(A)/JV, ψ0).
Theorem 5.15 (Theorem 3.2 [BR17]). Retain all notations from above, where D is a
division algebra over F satisfying the assumptions in Definition 5.14. There exists a unique
injective map
JL : Ads(GD(A)) −→ Ads(GLn(A))
from the set of discrete series of GD(A) to the set of the discrete series of GLn(A), which
is compatible with the local Jacquet-Langlands correspondence. The image of JL contains
precisely the D-compatible discrete series of GLn(A).
12Strictly speaking, in the definition below, we follow [Laf02] and require functions in
L2(G(F )\G(A)/JV, ψ0) to have finite norm.
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5.5.3. Multiplicity one and strong multiplicity one theorems. We will also need the multi-
plicity one and strong multiplicity one theorems for the group GD.
Theorem 5.16 (Theorem 3.3 [BR17]).
(1) If π is a discrete series representation of GD(A), then π appears with multiplicity
one (in the discrete spectrum).
(2) If π1 and π2 are two discrete series of GD(A) such that for almost all places v of
F , π1,v ∼= π2,v, then π1 = π2 as subrepresentations of L
2(D×\GD(A)/J), namely
the strong multiplicity one theorem holds for GD.
5.6. Global realization as automorphic representations.
5.6.1. Central division algebra.
(1) Let F be the global function field over Fl(t) constructed in Proposition 5.8. Let
ΣD be n places as specified in 5.3.4, and SD the places of F lying above those of
ΣD.
(2) Let D be a central division algebra over F of rank n2, such that D is non-split
precisely at SD. In this case we have GD(ASD) = GLn(A
SD
F ).
Remark 5.17. Such a central division algebra D exists since we have
0→ Br(F )→ ⊕v∈FBr(Fv)→ Q/Z→ 0
so for example we may take local invariants to be 1n for each y ∈ SD. Since each y
i
0 ∈ ΣD
splits, these invariants sum to 0 in Q/Z, and has least common multiple = n, so they
correspond to a central division algebra of rank n2 over F .
5.6.2. Now we state the main result of this section.
Proposition 5.18. Let ρ : GK → GLn(F) as before. Then there is a global function field
F/Fl(t), a central division algebra D over F , with ramified places SD as in 5.6.1, together
with a representation
r : GF → GLn(F)
and a lift of r:
r : GF → GLn(OL),
such that
(1) r = r(π) comes from a cuspidal automorphic form associated to D.
(2) There exists a finite set of places S1 such that rx = r|Fx realizes ρ for x ∈ S1.
(3) r is the special representation Spn(triv) at all places in SD.
(4) r and r are unramified outside S1 and SD.
(5) ζp /∈ (F )
ker ad r.
(6) r(GF (ζp)) = GLn(F)
Proof. We have constructed F and r in Proposition 5.8. From the global Langlands cor-
respondence, we have realized r = r(π) for a unique cuspidal automorphic representation
π of GLn(AF ) as in Corollary 5.12. In the corollary, we know that for each y ∈ SD, πy
is the Steinberg representation Stn, so in particular elliptic by part (2) of Lemma 5.13.
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This shows that π is is D-compatible, so Theorem 5.15 applies to π 13 and gives rise to
JL−1(π) ∈ Ads(GD(A)). The rest of the requirements are inherited from Proposition 5.8.
We will (as in the statement of property (1) above) abuse notation and denote JL−1(π)
also by π, whenever no confusion arises. 
6. The patching argument over function fields
In this section we apply the Taylor–Wiles–Kisin patching method to create the mod-
ule M∞(σ) with the desired properties as in Proposition 4.14. The patching method
[CHT08, Kis09b], introduced by Taylor and Wiles and modified by Kisin, is now a stan-
dard argument. We nevertheless give a detailed enough argument since the argument
over function fields (where l 6= p) is slightly different from number fields. For example,
as all local components have characteristic l, which is different from p, the local defor-
mation rings never get “too large”, in particular we do not need statements of the form∑
v|∞H
0(GFv , ad r) = [F : Q] · (dimG− dimB) as remarked in [CHT08] and can directly
work with GLn instead of unitary groups.
6.1. Automorphic forms. The material in this subsection is similar to the discussion of
chapter §3 of [CHT08]. The major difference is that, we designate the places SD to serve as
“S∞” in the number field case, and modify the notion of “sufficiently small subgroups” to
mean “sufficiently small away from SD and maximal at SD”, which is in particular compact
mod center at SD. This has two effects, (i). the double quotient D
×\(D⊗ADF )
×/UD (away
from SD) becomes finite (see Remark 6.3); (ii). this allows us to restrict to the special
representation at places v ∈ SD in the Galois side, so the deformation space at v ∈ SD
is trivial, which is convenient for us for otherwise a more relaxed condition might cut out
multiple irreducible components in the local Galois deformation rings at v ∈ SD.
6.1.1. Notation. Retain notations from the previous section. From Proposition 5.18 and
its proof we have
• r = r(π) is the irreducible Galois representation associated to an automorphic
representation π of the division algebra D, where r|v ∼= ρ for v ∈ S1.
• GD is the algebraic group over F defined by D
×, which is non-split at SD with all
its local invariants equal to n.
• Let U ⊂ GD(AF ) be a compact open subgroup. Write U = UDUD where UD =∏
v∈SD
Uv and U
D =
∏′
v/∈SD
Uv with all but finitely many Uv = GLn(OFv ).
• Write U1 :=
∏
v∈S1
Uv. For an element u ∈ U , write u1 for its projection to the U1
factor.
• η = det r : GF → O
×
L , which is unramified outside S1 and trivial at SD. Let
ψ : A×F /F
× → O×L be the ade´lic character corresponding to η under class field
theory.
13Note that we have π = π′ǫ0 in the proof of Corollary 5.12, and r = r(π
′)⊗ η0. Strictly speaking, only
π′ ∈ Ads(GLn(A)) so we need to apply Theorem 5.15 to π′ instead of π and twist the result back by ǫ0,
namely let JL−1(π) := JL−1(π′)⊗ ǫ0.
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• Let v0 be a place of F satisfying the following two conditions (i). its residue field
k0 has size p ∤ (#k0 − 1); (ii). ad r|v0 is trivial. For example we get such a v0 by
carefully choosing the places in S2 in the proof of Proposition 5.8, so that the size
of their residue fields are not congruent to 1 mod p.
• Let T = S1 ⊔ SD ⊔ {v0}.
• For an auxiliary set of places Q disjoint from T , let S := T ⊔Q.
• Finally, as in the beginning of the paper, fix L large enough, an isomorphism
ι : L ∼−→ C, and write O = OL.
Remark 6.1. The place v0 is chosen to help us construct a sufficiently small subgroup in
Subsection 6.1.3. This will come at a cost of enlarging the space of automorphic forms by
relaxing conditions at v0, but v0 is carefully chosen (namely that ad r|v is trivial) so that
the Galois deformation space at v0 remains “unramified” (cf. Lemma 6.11).
6.1.2. Space of cusp forms. Now we define space of cuspidal automorphic forms with O
coefficients and character ψ. As mentioned above, let ψ : A×F/F
× → O× be the character
given by composition ψ : A×F/F
× →֒ GabF
η
−→ O× of η with the global Artin map (which in
the case of function field is an injection).
Definition 6.2. Let M be any finitely generated O-module with an action of U1 =∏
v∈S1
Uv, then we define Sψ(U,M) to be the space of functions
Sψ(U,M) = {f : D
×\GD(AF ) −→M}
such that f(zgu) = ψ(z)u−11 f(g) for all z ∈ A
×
F , g ∈ GD(AF ), and u ∈ U .
As in [CHT08], we need to make sure that this is finitely generated.
Remark 6.3. Suppose that UD is maximal, in other words, for all v ∈ SD, Uv = O
×
Dv
⊂
D×v . Note that by our construction, ψ|F×v is trivial. Therefore, for any g ∈ GD(AF ), if
we write g = gDgD with gD ∈
∏
GD(Fv), we have f(g) = f(g
D) for all f ∈ Sψ(U,M). In
other words, under the maximality assumption above,
Sψ(U,M) = {f : D
×\GD(A
D
F ) −→M}
such that f(zgu) = ψ(z)u1
−1f(g) for all z ∈ (ADF )
×, g ∈ GD(ADF ) and u ∈ U
D. Note that
we have:
# D×\GD(A
D
F )/U
D <∞.
Corollary 6.4. For UD maximal and M a finitely generated O-module, Sψ(U,M) is then
a finitely generated O-module. If in addition M is λ-torsion free, then Sψ(U,M) is a finite
free O-module.
Remark 6.5. Since GD is anisotropic mod center, there is no proper parabolic subgroup
defined over F , so every automorphic form is automatically cuspidal. A crucial step in
the patching argument is to create a free module S(U,O) over the ring O[∆] of diamond
operators, for this we cannot work directly with GLn, so the recently established Jacquet-
Langlands correspondence over global function fields (see the previous section) is needed.
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Our space of automorphic forms with O coefficients compares to the usual space of
automorphic forms with C coefficients in a straightforward manner. Let ψι = ι ◦ ψ be the
smooth character of A×F/F
× obtained by composing with ι : O →֒ C, and let SD,ψι be the
space of functions φ : D×\GD(AF )→ C satisfying φ(zg) = ψι(z)φ(g) and that there exists
a compact open subgroup V ⊂ GD(AF ) such that φ(gv) = φ(g) for all v ∈ V . As usual
GD(AF ) acts on SD,ψι by right translation. From the definition, we have
Sψ(U,O)⊗O,ι C
∼−→ SD,ψι,U := S
U
D,ψι
given by f 7→ ι◦f . The action of GD(AF ) on both sides are compatible via the embedding ι,
and note that U acts trivially on both sides. Moreover, GD(AF ) acts semi-simply on SUD,ψι ,
which decomposes into a direct sum of irreducible cuspidal automorphic representations
SUD,ψι
∼= ⊕
pi
(
πUSS ⊗ ⊗
′
v/∈S
πUvv
)
where the direct sum is over cuspidal automorphic representations π of GD(Af ) of central
character ψι and unramified outside S, and each direct summand appears with multiplicity
one by Theorem 5.16.
6.1.3. Sufficiently small subgroups. We need (a slight variant of) the notion of sufficiently
small 14 subgroups of GD(AF ) = (D ⊗ AF )× used in [CHT08] §3
Definition 6.6. A compact open subgroup U of (D ⊗ AF )× is sufficiently small (with
respect to a fixed prime p) if there exists a place v /∈ S1 ⊔ SD, such that Uv does not
contain any element of order p.
Lemma 6.7. Suppose that U = UDUD is sufficiently small and that UD is maximal
(namely that UD =
∏
v∈SD
O×Dv). Let Rep
f.l.
O (U1) be the category of finitely generated O-
modules with U1 actions.
(1) The functor Repf.l.O (U1) −→ ModO sending
M 7→ Sψ(U,M)
is exact.
(2) Let A be any finitely generated O-module (with no action of U1), then
Sψ(U,M ⊗O A) ∼= Sψ(U,M) ⊗O A.
(3) Let V ⊳ U be a normal open compact subgroup of p-power index, then there exists
an isomorphism
Sψ(V,M)
∼−→ Sψ(U,M) ⊗O O[U/V ].
In particular, if M is λ-torsion free, Sψ(V,M) is a free module over O[U/V ].
14This is called good in [Sho18], also in [GK14] for the simpler case of GL2.
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Proof. The only minor difference compared to Lemma 3.3.1 in [CHT08] is that we have
specified a central character for our space of automorphic forms. We briefly sketch the
proof to convince the reader that the argument is essentially the same. Let GD(ADF ) =
⊔i∈ID
×giU
D(ADF )
× be a finite disjoint union, and let
Gi :=
(
g−1i D
×gi ∩ U
D(ADF )
×
)
/F×.
First observe that the injective map
Sψ(U,M) →֒ ⊕i∈IM
Gi , f 7→ {f(gi)}i∈I
is in fact an isomorphism. To see this we need to identify the image. The only constraints
to put on φ(gi) arise as follows: suppose there exists δ ∈ D
×, u ∈ UD, z ∈ (ADF )
× such that
gi = δ
−1giuz, then we must have f(gi) = ψ(z)u
−1f(gi) = (uz) · f(gi).
We then claim that Gi is a finite group of order prime to p, in other words, if g ∈
g−1i D
×gi ∩ U
D(ADF )
× is an element such that gp ∈ F×, then g ∈ F×. Write g = uz
for u ∈ UD, z ∈ (ADF )
×, then u = gz−1 ∈ g−1i D
×gi ∩ U
D so it has finite order. Since
U is sufficiently small, u has order prime to p, say um = 1 where p ∤ m. In particular,
gm = zm ∈ D× ∩ (ADF )
× = F×. Since gp ∈ F× and p ∤ m, clearly g ∈ F×. Therefore
the first two claims follow immediately, and the proof of the last claim is similar to the
corresponding part in [CHT08] (see [Yao17] Lemma 2.6 for a detailed proof.) 
6.2. Choice of level.
6.2.1. Choice of the compact open subgroups UQ. Let Q be a finite set of places of F con-
sisting of Taylor–Wiles primes (see Subsection 6.3.3) disjoint from T . Define the compact
open subgroups UQ and U˜Q as follows:
(1) For v /∈ SD ⊔ {v0} ⊔Q, let Uv = GLn(OFv)
(2) For v ∈ SD, let Uv = O
×
Dv
(3) For v = v0, let Uv0 ⊳ GLn(OFv0 ) be the Iwahori subgroup Iw(v0), consisting of
matrices which are upper-triangular mod ̟v0 .
(4) For v ∈ Q, we will choose Uv = U1(v) and U˜v = U0(v) as follows: first let U0(v)
be the mirabolic subgroup of GLn(OFv ), consisting of matrices whose last row is
congruent to (0, · · · , 0, ∗) mod ̟v. Let ∆v be the maximal p-power quotient of
k×v = (OFv/̟v)
× = k×v . For any element (Mij) ∈ U0(v), let M1 = (Mij)1≤i,j≤n−1
be the top left (n−1)× (n−1) minor, and M2 = (Mn,n) be the bottom right entry,
then M 7→M2/detM1 mod ̟ defines a map
U0(v) −→ k
×
v −→ ∆v.
Define U1(v) to be the kernel of this projection and set Uv = U1(v). This way
Uv ⊳ U˜v is a normal subgroup with p-power quotient U˜v/Uv ∼= ∆v.
Finally, let UQ :=
∏′ Uv and U˜Q := ∏′v/∈QUv ×∏v∈Q U˜v. Note that, since Uv0 = Iw(v0)
does not contain any element of order p, both UQ and U˜Q are sufficiently small in the sense
of Definition 6.6.
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6.2.2. U1(v)-spherical representations. From the definition of U1(v) above, we have a short
exact sequence of abelian groups
0→ U1(v)→ U0(v)→ ∆v → 0.
The following lemma matches up the choice of Uv at each v ∈ Q with a variant of the
Taylor–Wiles deformation condition, which is given in Definition 6.12. This is the analog
of Lemma 3.1.5 and 3.1.6 in [CHT08].
Lemma 6.8. Let Fv be a local field of residue characteristic l and let π be a generic smooth
irreducible representation of G = GLn(Fv). Suppose the (p-adic) Galois representation
representation rp(π) = recn(π ⊗ | · |
(n−1)/2) exists ( i.e. the eigenvalues of recn(π ⊗ | ·
|(n−1)/2)(ϕv) are p-adic units for some lift of Frobenius ϕv)
15. Suppose that πU1(v) 6= 0,
then there exists a short exact sequence of Galois representations
0→ s→ rp(π)→ ψ → 0
where s is an (n− 1)-dimensional tamely ramified representation such that s|IK consists of
scalars, and ψ is a 1-dimensional character.
The proof is similar to the proof of Lemma 3.1.5 in [CHT08] and Lemma 5.11 in [Tho12].
In fact, instead of reproducing the entire argument, we use the following lemma to reduce
to the case proved there. Before we proceed with the proof, let us define more compact
opens subgroups
(1) Let Iw1(v) ⊂ Iw(v) be the subgroup of the Iwahori subgroup consisting of matrices
with 1’s on the diagonal after reducing mod ̟ = ̟v.
(2) Let P1(v) ⊂ U0(v) be the kernel of U0(v) → ∆v given by (Mij) 7→ detM1 where
M1 is the top left (n − 1)× (n− 1) minor as before.
(3) Let U˘1(v) ⊂ U0(v) be the kernel of U0(v)→ ∆v where the map is given by (Mij) 7→
detMnn ∈ ∆v.
In other words, P1 consists of matrices congruent to
(
M1 ∗
0 M2
)
mod π, where M1 is
(n − 1) × (n − 1) and M2 is 1 × 1, such that detM1 7→ 1 ∈ ∆v; U˘1(v) consists of of those
such that M2 7→ 1 ∈ ∆v (while U1(v) consists of those
detM1
M2
7→ 1 ∈ ∆v). In particular
Iw1(v) ⊂ U1(v) ∩ P1(v) ∩ U˘1(v).
Lemma 6.9. Retain the setup in the Lemma 6.8. There exists a tamely ramified character
χ˜1 such that
(π ⊗ χ˜−11 )
P1(v) 6= 0
Proof. Since π is generic and that πIw1(v) 6= 0, π can be realized as a sub-representation of
a tamely ramified principal series, namely there exists a G-equivariant embedding
π ⊂ IndGBχ1 ⊗ · · · ⊗ χn
15Note that we have chosen a different normalization from [CHT08]
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where B ⊂ G is the standard Borel and each χi is tamely ramified. (For example, this
follows from part (1) of Lemma 3.1.6 in [CHT08]. We remark the references contained
there also treat the case when Fv has positive characteristic l, where no restriction needs
to be placed on l since G = GLn(Fv)).
Now let χ˜1 = χ1 | · |
(n−1)/2. Let f ∈ πU1(v) ⊂ (IndGBχ1 ⊗ · · · ⊗ χn)
U1(v) be a nonzero
element, we want to show that as a vector in the representation π ⊗ χ˜−11 , f is invariant
under right translation of P1(v).
First, for each 1 ≤ i ≤ n, define wi ∈ G to be the element
wi =
(
1i−1 0
0 an−i+1
)
where an−i+1 =
 1...
1
 .
G admits the following decomposition
G =
⊔
1≤i≤n
BwiU1(v)
(compare to the decomposition used in the proof of Lemma 3.1.3 in [CHT08]). Next we
define functions fi on G for 1 ≤ i ≤ n as follows:
• If f(wi) 6= 0, then define fi by fi(x) = χ˜(b)f(wi) for each x = bwiu ∈ BwiU1(v)
and 0 if x /∈ BwiU1(v). In this case fi has support equal to BvwiU1(v).
• If f(wi) = 0, then set fi = 0.
Clearly each fi is well defined and since f 6= 0, at least one of the fi is nonzero. By
construction f =
∑
i fi.
For any c ∈ O×v , let γc be the diagonal matrix with the last (i.e. bottom right) entry
equal to c and all other entries equal to 1, and let βc be the diagonal matrix with the first
(i.e. top left) entry equal to c and all other entries equal to 1. We now claim that for each
i, γc acts on fi by scalar χ˜1(c):
γc · fi = χ˜1(c)fi.
It suffices to assume that fi 6= 0. Right translation by γc does not change the support of
fi, so it suffices to compute (γc · fi)(wi). There are two cases,
• If i = 1, w1 = an is the anti-diagonal matrix, and
f1(w1γc) = f1(βcw1) = χ˜1(c)f1(w1)
• 2 ≤ i ≤ n, then
fi(wiγc) = fi(wiβcβ
−1
c γc) = fi(wiβc)
since β−1c γc ∈ U1(v). Therefore,
fi(wiγc) = fi(βcwi) = χ˜1(c)fi(wi).
Consequently, for any c ∈ O×v , γc · f = χ˜1(c)f . Therefore, for any g ∈ P1(v), the action of
π ⊗ χ˜−11 (g) on f is given by
χ˜−11 (det g) g · f = χ˜
−1
1 (det g)
(
(γdet g g
′) · f
)
= χ˜−11 (c) γdet g · f
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where g′ := γ−1det gg ∈ U1(v). By the computation above, we have γdet g · f = χ˜
−1
1 (det g) f ,
therefore (π ⊗ χ˜−11 )(g) · f = f , hence the claim. 
Proof of Lemma 6.8. By Lemma 6.9, we may assume that πP1(v) 6= 0. The conclusion is
clear if π is unramified (i.e. πGLn(Ov) 6= 0). Suppose that πU0(v) 6= 0 but πGLn(Ov) = 0,
then πU˜1(v) 6= 0, and the conclusion follows from Lemma 3.1.5 in [CHT08]. Finally the case
where πP1(v) 6= 0 but πU0(v) 6= 0 is taken care of by Lemma 5.11 in [Tho12]. 
6.2.3. Hecke algebra. Now let us go back to the setup in the beginning of this section. For
each v /∈ S (so Uv = GLn(OFv )), and 1 ≤ j ≤ n, define the Hecke operator T
(j)
v to be the
double coset operator
T(j)v :=
[
Uv
(
̟v1j 0
0 1n−j
)
Uv
]
on the space Sψ(U,M) of automorphic forms and define T(S) = O[T
(j)
v , (T
(n)
v )−1]v/∈S to
be the polynomial ring over O generated by the Hecke operators T
(j)
v and (T
(n)
v )−1 for all
v /∈ S. Finally define T(S)ψ (U,M) := im
(
T(S) → End(Sψ(U,M))
)
. By the discussion on
Subsection 6.1.2 and Theorem 5.16, we have an isomorphism of algebras
T(S)ψ (U,M)⊗O,ι C
∼−→
∏
pi
C
given by sending T
(j)
v to its eigenvalue on πUvv
∼= C, where the product is taken over
irreducible automorphic representations π which appears as an irreducible constituent of
S(U,M)O,ι⊗C. More generally, any automorphic representation π (with central character
ψι) that are unramified outside S corresponds to a Hecke system T(S) → C, which factors
through T(S)ψ (U,M) precisely when π appears in S(U,M). For example the automorphic
representation π obtained from Proposition 5.18 in general does not appear in S(U,O)
because of the choice of U at S1.
6.2.4. Multiplicity. The following lemma is crucial for us to relate the support of the
patched module to the cycle map (compare with Lemma 5.5 in [Sho18]).
Lemma 6.10. For this lemma let Q = Ø, so S = T = S1⊔SD⊔{v0}. Let M be a finite free
O-module with an action of U1, and let π be an automorphic representation corresponding
to fpi : T(S) → C such that π is unramified at v0. Then we have
dimL(Sψ(U,M)⊗T(S),ι−1 L) = n! · dimLHomU1((M ⊗O L)
∨, ⊗
v∈S1
πv).
Here we have abused identify πv with ι
−1(πv), which is an irreducible admissible represen-
tation of GLn(OK) with L coefficients.
Proof. This is similar to the proof of [CHT08] Proposition 3.3.2. The map f 7→ ξf , where
ξf (α)(g) = α(ιf(g)) induces an isomorphism:
ξ : Sψ(U,M)⊗O,ι C
∼−→ HomU1((M ⊗O,ι C)
∨, SU
1
D,ψι)
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where U1 :=
∏′
v/∈S1
Uv, U1 =
∏
v∈S1
Uv. The isomorphism is compatible with T(S)-action,
so now base change along fpi we get
Sψ(U,M)⊗T(S),ι C
∼= HomU1((M ⊗O,ι C)
∨, ⊗
v∈S1
πv ⊗ ( ⊗
′
v/∈S1
πv)
U1)
∼= HomU1((M ⊗O,ι C)
∨, ⊗
v∈S1
πv ⊗ π
Iw(v0)
v0 ),
since by our choice of U , for v /∈ S1 and v 6= v0, π
Uv
v
∼= C. Here we have used multiplicity
one and strong multiplicity one theorems (Theorem 5.16) on the right hand side to obtain
a single irreducible constituent π ⊂ SU
1
D,ψι
, using Hecke operators at all but finitely many
places v. By our assumption in the lemma πv0 is unramified, therefore dimπ
Iw(v0)
v0 = n!, by
the decomposition
GLn(OFv ) =
⊔
w∈W
Iw(v) · w · Iw(v),
where W ∼= Sn is the Weyl group of GLn. 
6.3. Galois deformation rings.
6.3.1. Global deformations. Let r : GF,S1⊔SD → GLn(F) be the mod λ representation
constructed in Proposition 5.18. We have defined global Galois deformation rings RT ,ηr,S
with local conditions at S and frames at T in Subsection 5.1. We will let Q denote a set
of Taylor–Wiles primes (see Subsection 6.3.3) and specify the following local conditions for
the deformation problem
• At v = {v0} ⊔ S1, we only impose the determinant condition with χv := η|v. In
particular χv = χ for all v ∈ S1.
• At v ∈ SD, we consider the condition that corresponds to the quotient R
,τv,triv
r|v
as
in the proof of Proposition 5.8, where τv is the Galois inertia type of Spn(triv) as
explained there.
• At v ∈ Q, we impose the modified Taylor–Wiles condition as in Definition 6.12.
As before, let Rloc := ⊗̂
v∈T
(R
,η|v
r|v
/Iv) where Iv ⊂ R
,η|v
r|v
is the ideal defining the local
deformation problem at each v ∈ T .
6.3.2. The deformation ring at v0.
Lemma 6.11. Let K be a finite extension over Fl((t)) and ρ : GK → GLn(F) a continuous
representation. Suppose that ad0 ρ is trivial, then R,χρ is isomorphic to a formal power
series ring of n2 − 1 variables over O.
Proof. By part (2) of Proposition 5.2, H2(GK , ad
0 ρ) ∼= H0(GK , ad
0 ρ∨(1))∗ = 0 since ad0 ρ
is trivial. Therefore R,χρ is a formal power series ring over O of relative dimension
dimF Z
1(G, ad0 ρ) = n2 − 1 + dimFH
2(GK , ad
0 ρ)− χ(GK , ad
0 ρ) = n2 − 1,
by applying Proposition 5.2 part (3). 
THE BREUIL–ME´ZARD CONJECTURE FOR FUNCTION FIELDS 55
6.3.3. Taylor–Wiles deformation rings. A representation ρ : GK → GLn(F) satisfies the
Taylor–Wiles condition if
• #k ≡ 1 mod p,
• ρ is unramified,
• ρ ∼= ψ ⊕ s, where ψ is 1-dimensional, and is not a subquotient of s.
The usual Taylor–Wiles deformation problem (cf. [CHT08] Subsection 2.4.6) consists of
liftings ρ which are (1 +Mn(mA))-conjugate to one of the form ψ ⊕ s, where ψ and s are
framed deformations of ψ and s respectively, with s unramified. The key point is that
when p ∤ n, the Taylor–Wiles deformation ring is isomorphic to
O[[xi, yj, z, wk, u]] 1≤i,j≤n−1
1≤k≤(n−1)2
/((1 + u)p
m
− 1)
where pm||(#k − 1) is the precise power of p which divides #k − 1.
6.3.4. Taylor–Wiles deformation rings with determinant. To obtain Taylor–Wiles defor-
mations with fixed determinant, we make the following definition
Definition 6.12. Let ρ = ψ ⊕ s be a GK representation satisfying the Taylor–Wiles
conditions (the decomposition, in particular the character ψ, is part of the given data),
let χ be an unramified character lifting det ρ. We define the Taylor–Wiles deformation
problem with determinant χ to consist of liftings ρ such that
(1) ρ is (1 +Mn(mA))-conjugate to ψ ⊕ s, where ψ and s are framed deformations of
ψ and s respectively;
(2) ρ has determinant χ;
(3) s|IK only consists of scalars, namely for any τ ∈ IK , s(τ) = λ · Idn−1.
Lemma 6.13. Suppose p ∤ n(n − 1). The Taylor–Wiles deformation problem with deter-
minant χ is pro-representable by a quotient RTW ,χρ of R

ρ , where
RTW ,χρ
∼= O[[xi, yj, wk, u]]/((1 + u)
pm − 1)
where i, j, k ranges from 1≤i,j≤n−1,1≤k≤(n−1)2 and p
m||(#k − 1)
Proof. The only difference compared to the proof in the usual case, for example as in Lemma
1.18 of [Yao17], is that (using the notations there) α+z = χ(ϕ−1)/det(s(ϕ−1)) after picking
α, βi such that χ(ϕ
−1) = α ·
∏
βi, so the variable z disappears in the presentation of this
deformation ring. Then by looking at ρ(σ), we know that u′i,j = 0 for all i 6= j while all
u′1,1 = · · · = u
′
n−1,n−1 ∈ mA are the same. So we know that
RTW ,χρ
∼= O[[xi, yj , wk, u, v]]/((1 + u)
#k−1 − 1, (1 + u)(1 + v)n−1 − χ(σ)).
Finally, using assumptions on p we know that 1 + v can be recovered uniquely from 1 + u
and that (1 + u)p
m
= 1 as in the lemma before. 
Corollary 6.14. Let L˜ and L be as defined in Remark 5.1 for the Taylor–Wiles de-
formation problem with determinant χ, then dimF L˜ = n
2 and consequently dimF L −
dimF(GK , ad
0 ρ) = 1.
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6.3.5. Existence of Taylor–Wiles primes. Keep the notation from Proposition 5.18. In
what follows, suppose that p ∤ n and that p > 3 if n = 2.
Lemma 6.15. Let T = S1 ⊔ SD ⊔ {v0}. Let q = dimH
1(GF,S , (ad
0 r)(1)). Then GLn(F)
is big in the sense of Definition 2.5.1 of [CHT08]. Consequently, for each positive integer
N , there exists a finite set Q of size q consisting of Taylor–Wiles places disjoint from T ,
such that
(1) for any v ∈ Q, #kv ≡ 1 mod p
N ,
(2) dimH1S,T (1) = 0 where S = T ⊔Q as defined in Corollary 5.3.
Proof. The claim that GLn(F) is big is proved in Lemma 2.5.6 in [CHT08]. We remark that
it suffices to assume p ∤ n to guarantee that ad r = ad0 r⊕F. The rest of the proof stays the
same, in particular, H1(SLn(F), ad
0 r) = 0 under our hypothesis. The second part of the
claim follows from the same proof of Lemma 2.5.9 of [CHT08], where H1(GF+,S, (ad r)(ǫ))
is replaced by H1(GF,S , (ad
0 r)(1)) everywhere. 
Notation. For each N ≥ 1, we denote the set of Taylor–Wiles primes obtained from Lemma
6.15 by QN . The corresponding global Galois deformation ring for SN = T ⊔QN is denoted
RT ,ηN (cf. step (1) in Subsection 6.4.2).
Corollary 6.16. Let q = #QN be as given in Lemma 6.15, then R
T ,η
r,SN
is topologically
generated over Rloc by h := t− 1 + q elements.
Proof. By Corollary 5.3 and Corollary 6.14 we have computed that
dimFmRT ,ηr,SN
/(m2
R
T ,η
r,SN
,mRloc , λ) = t− 1 + q.

6.4. Proof of the main theorem.
6.4.1. The base level. Keep the notations from the previous subsections. Let s = #S1, and
identify U1 ∼= K
s. Let (σ,Mσ) ∈ Rep
f.l.
O (K
s) be a finite length O-module with smooth U1
action. Let π be the automorphic representation constructed in Proposition 5.18, which
corresponds to the Hecke character fpi : T(T ) → O and gives rise to an Eisenstein maximal
ideal m ⊂ T(T ). Now we define (note that we are in the “base level”, i.e. in this definition
Q = Ø)
• T(σ) := T(T )ψ (U,Mσ)m.
• S(σ) := Sψ(U,Mσ)m.
Note that we do not rule out the possibility that T (σ) = 0 in this definition, which happens
precisely when Sψ(U,Mσ) does not contain an eigenform which acts through fpi.
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6.4.2. The setup for the patching argument. Next we apply the now standard patching
argument to build M∞(σ) required in Proposition 4.14.
(1). For each N ≥ 1, we choose QN as in Lemma 6.15, and define
RT ,ηN := R
T ,η
r,SN
by taking SN = T ⊔ QN as in Subsection 6.3.1, and similarly define R
univ,η
N . Write R
T ,η
(resp. Runiv,η) for the universal framed (resp. unframed) deformation rings when S = T
and Q = Ø.
(2). For each v ∈ QN , consider the Frobenius eigenvalue αv of ψv as in Subsection 6.3.3.
Note that ρuniv,ηN |GFv
∼= ψ ⊕ s where ψ is a tamely ramified character, whose Frobenius
eigenvalue αv lifts αv. Recall that ∆v is the maximal p-power quotient of k
×
v , and ψ
factors through ∆v → (R
univ,η
N )
×. Define
∆N :=
∏
v∈QN
∆v.
It admits a map Πv∈QNψv : ∆N −→ (R
univ,η
N )
×.
(3). For each N , we enlarge the ring T(SN ) to allow Hecke operators at QN . To this end,
for each v ∈ QN let U
(j)
v denote the Hecke operator
U (j)v := [Uv
(
̟v1j 0
0 1n−j
)
Uv]
and let T+Q be the Hecke algebra generated over T
(SN ) by adjoining U
(j)
v for all v ∈ QN .
Let
T+ψ (UN ,M) ⊂ End(S(UN ,M))
be the image of T+Q in End(S(UN ,M)). Let m
+ be the maximal ideal in T+Q given by m and
the data of ψv (more precisely, the data of αv) at each v ∈ QN . Then taking UN = UQN
as defined in Subsection 6.2.1 for each N , we construct
• TN (σ) := T
+
ψ (UN ,Mσ)m+ ;
• SN (σ) := Sψ(UN ,Mσ)m+ .
(4). TN (σ) is a R
univ,η
N algebra (though it still might happen that TN (σ) is 0). The
construction of the morphism
Runiv,ηN → TN (σ) = T
+
ψ (UN ,Mσ)m+
is standard and follows essentially the same proof as Lemma 3.4.4 in [CHT08]. The only
differences are (i). we have fixed a central character ψ for the space of automorphic forms,
which corresponds to fixing the determinant η in the global Galois deformation problem.
(ii). We replace the role of Lemma 3.1.5 in the proof of Lemma 3.4.4 of ibid, by Lemma
6.8.
(5). By essentially the same argument as in [CHT08] Section 3.5, we know that the
action of U˜QN/U˜QN
∼= ∆N by right translation on SN (σ) agrees with the Hecke action
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given via the composition
∆N
∏
ψv
−−−→ (Runiv,ηN )
× → TN (σ).
Therefore, by Lemma 6.7, if Mσ is λ-torsion free, then SN (σ) is a finite free module over
O[∆N ] under the Hecke action.
(6). Let aN be the augmentation ideal in O[∆N ], note that
• Runiv,ηN /aN
∼−→ Runiv,ηr ;
• TN (σ)/aN
∼−→ T(σ);
• SN (σ)/aN
∼−→ S(σ).
(7). Let J = O[[x1, ..., xn2t−1]] be the ring of framing variables at T , and for each N we
fix an isomorphism
RT ,ηN
∼−→ Runiv,ηN ⊗̂OJ .
The morphism in (4) above have its framed version J [∆N ] → R
T ,η
N . In order to make
the argument work, we also need the framed version of Hecke algebras and the space of
automorphic forms
TTN (σ) := TN (σ)⊗Runiv,ηN
RT ,ηN ,
STN (σ) := SN (σ)⊗Runiv,ηN
RT ,ηN .
(8). Recall that #QN = q. Write QN = {v1, ..., vq}. Let
J∞ := J [[y1, ..., yq]]
and choose a surjection J∞ ։ J [∆N ] for each N by mapping each yi to γi − 1, where γi
is a generator of ∆vi . Denote the kernel by
bN := ker(J∞ → J [∆N ]).
Note that if σ is λ-torsion free, then SN (σ) is a finite free J [∆N ] = J∞/bN -module.
(9). Let R∞ := R
loc[[x1, ..., xh]] where h = t+ q − 1. For each N , by Corollary 6.16, we
can and do choose a surjection R∞ ։ R
T ,η
N . Also choose a morphism γN : J∞ → R∞
such that the composition J∞ → R∞ → R
T ,η
N agrees with J∞ → J [∆N ]→ R
T ,η
N .
6.4.3. Patching. Now we are in the standard setup to patch the modules STN (σ). First
pick a sequence of open ideals cN ⊂ J∞ and dN ⊂ R
univ,η
N satisfying
• cN ⊃ bN (so in particular S
T
N (σ)/cN is finite free over J∞/cN for σ which are
λ-torsion free);
• cN ⊃ cN+1 for each N ;
•
⋂
cN = (0).
and respectively for dN :
• ker
(
Runiv,ηN → TN (σ)
)
+ cN ⊃ dN ⊃ cN ;
• dN ⊃ dN+1 for each N ;
•
⋂
dN = (0).
THE BREUIL–ME´ZARD CONJECTURE FOR FUNCTION FIELDS 59
The choice of surjection R∞ ։ R
T ,η
N in Step (9) of the previous subsection determines a
surjection R∞ → R
T ,η
N → R
univ,η
N /dN for each N , where R
univ,η
N /dN acts on S(σ)/dN via
the Hecke action.
Next, for each pair of integers M ≥ N , we define the finite J∞/cN -module
SM,N(σ) := S
T
M (σ)/cN ,
which is finite free over J∞/cN if σ is λ-torsion free. The J∞ action on SM,N (σ) factors
through R∞ ։ R
T ,η
M → T
T
M (σ) and is compatible with the action of R
univ,η
N /dN on
S(σ)/dN .
Remark 6.17. For a fixed M ≥ N , the association σ 7→ SM,N(σ) is functorial. One can
then deduce that the patched R∞ moduleM∞(σ) constructed in the end of this subsection
is functorial on σ.
Since the cardinalities of the sets SM,N(σ), R
T ,η/dN and S(σ)/dN are all finite, there
exists an infinite sequence of pairs (Mi, Ni) with Mi ≥ Ni, Mi+1 > Mi and Ni+1 > Ni,
such that the following diagram (i.e. the patching datum at level (Mi+1, Ni+1))
J∞ R∞ SMi+1,Ni+1(σ)
Runiv,ηN /dNi+1 S(σ)/dNi+1
γMi+1
is isomorphic to the corresponding diagram at level (Mi, Ni) when reducing modulo cNi for
the relevant objects. Finally, we obtain the patched module
M∞(σ) := lim←−
i
STMi (σ)/cNi
which is an R∞ module (and it is finite free over J∞ if σ is λ-torsion free).
Lemma 6.18. The construction above yields an exact functor M∞ : Rep
f.l.
O (K
s) −→
Mod/R∞ and satisfies
M∞(σ ⊗ F) =M∞(σ)⊗ F.
Proof. First we check that M∞ is an exact functor. For each pair of integers (M,N) with
M ≥ N , the functor
σ 7→ SM(σ) = Sψ(UM ,Mσ)m+
is exact by Lemma 6.7 and the fact that localization is exact. The functor σ 7→ SM,N (σ) is
therefore exact because each SM (σ) is free over J∞/bM ∼= J [∆M ], so Tor
J [∆M ]
1 (J [∆M ]/cN ,J [∆M ]) =
0. Finally, since SMi,Ni(σ) form a Mittag-Leffler system, M∞ is exact.
Now we claim that M∞ satisfies M∞(σ ⊗ F) = M∞(σ) ⊗ F. To see this, note that at
each finite level we have SMi,Ni(σ⊗F) = SMi,Ni(σ)⊗F by Lemma 6.7. Now let m∞ ⊂ J∞
be the its maximal ideal, and write
SMi,Ni(σ)⊗O F = SMi,Ni(σ)⊗J∞ J∞/m∞.
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In this description, since each SMi,Ni(σ) is a finite length J∞-module, and m∞ is finitely
generated in the Noetherian local ring J∞, inverse limit commutes with tensoring with
⊗J∞J∞/m∞, so we get
lim
←−
(SMi,Ni(σ)⊗ F) =
(
lim
←−
SMi,Ni(σ)
)
⊗J∞ J∞/m∞ =M∞(σ)⊗O F.
Therefore we conclude that
M∞(σ ⊗ F) = lim←−
(
SMi,Ni(σ ⊗ F)
)
= lim
←−
(
SMi,Ni(σ)⊗ F
)
=M∞(σ)⊗ F.

6.4.4. Proof of the main Proposition.
Proof of Proposition 4.14. Let σ = ⊗v∈S1σv ∈ Rep
f.l.
O (K
s) as in the proposition. We have
created M∞(σ) which is a module over
R∞ = R
loc[[x1, ..., xh]] ∼= R0⊗̂(R
,χ
ρ )
⊗̂s
where we take R0 := R
,ψ|v0
r|v0
⊗̂O[[x1, ..., xh]], which is formal power series ring over O of
n2− 1+ h variables by Lemma 6.11. We identify Z(R∞) = Z(R
,χ
ρ )
⊗s as in the statement
of Proposition 4.14.
By Lemma 6.18, M∞ is an exact functor satisfying property (2) of the proposition.
Now suppose that σ = Mσ is λ-torsion free, we have already observed that M∞(σ) is λ-
torsion free (as it is free over J∞) so property (3) holds. It remains to check the support
condition, more precisely we need to compute the R∞,ξ-length of M∞(σ)ξ for the generic
point ξ of each irreducible component. We begin by considering the depth of M∞(σ) as an
R∞-module (which makes essential use of the finite freeness of M∞(σ) over J∞). For any
minimal prime q ⊂ R∞,
n2t+ r ≥ dimR∞/q ≥ depthR∞(M∞(σ)) ≥ depthJ∞(M∞(σ)) = n
2t+ r.
Therefore, the support ofM∞(σ) is a union of irreducible components of R∞. Now let p be a
minimal prime of R∞, such that its corresponding minimal prime pv in each R
,χ
r|GFv
∼= R
,χ
ρ
for v ∈ S1 is attached to the Galois inertia type τv. Then it suffices to show that M∞(σ)/p
is generically free over R∞/p of rank n!
∏
v∈S1
m(σ∨v , τv). This would finish the proof of
the proposition.
To compute the generic rank of M∞(σ)/p over R∞/p, it suffices to compute the rank
of M∞(σ)y over (R∞)y at a non-degenerate L-point y on the irreducible component of
R∞ given by p. (Recall the notion of non-degenerate points of R
,χ
ρ [1/p] from Lemma
2.1, then taking products gives the notion of non-degenerate L-points of R∞). At such a
non-degenerate point y, (R∞)y is regular by Lemma 2.1, therefore the stalk M∞(σ)y of
the coherent sheaf M∞(σ) is finite free over (R∞)y, since by the same depth computation
above we have
depth(R∞)yM∞(σ)y = depth(R∞)y
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which forces the projective dimension
proj.dim(R∞)yM∞(σ)y = 0.
Now let r : GF,S → GLn(F) be the mod λ representation obtained from Proposition 5.8.
We consider the following global deformation problem
• At v0, we only impose the determinant condition.
• At v = S1, instead of only impose the determinant condition, we ask that the
deformation factors through R,χr|GFv
/pv (which is an irreducible component of R
,χ
ρ ).
• At v ∈ SD, we consider the condition that corresponds to the quotient R
,τv,triv
r|v
as
in the proof of Proposition 5.8, where τv is the Galois inertia type of Spn(triv) as
explained there.
Note that Runiv,ηS′ is a quotient of R
univ,η
S , therefore it is finite over O by the proof of Propo-
sition 5.8. On the other hand, we still have dimRuniv,ηS′ ≥ 1 since irreducible components
of R,χρ all have dimension n
2 − 1 over O by Proposition 2.13. This gives us an O-point
x of SpecRuniv,ηS′ (after enlarging L and O if necessary). Now apply the global Langlands
correspondence one more time, we know that the point x corresponds to a global automor-
phic representation πx, which is unramified away from S1 ⊔ SD. This automorphy allows
us to compute the fiber of S(σ) at the point x — Lemma 6.10 tells us that the dimension
of S(σ) at the point x is precisely
dimHomU1((σ ⊗O,ι L)
∨,⊗v∈S(πx)v ⊗C,ι−1 L) = n!
∏
v∈S1
m(σ∨v , τv).
Finally, consider any point x˜ of SpecR,ηS′ sitting above x. Then the closed embedding
SpecR,ηS′ →֒ SpecR
′
∞ = SpecR∞/p gives rise to a non-degenerate L-point y on SpecR∞/p
(since all local components of a global automorphic representation are generic). The rank
of rk(R∞)y(S∞(σ))y is precisely number we just computed above, because of part (6) in
Subsection 6.4.2. This finishes the proof of the main proposition, and hence the main
theorem. 
7. Comparison with the case of number fields
In this section we apply Deligne–Kazhdan’s theory of close fields to compare the Breuil–
Me´zard conjecture between local number fields and local function field cases.
7.1. Close fields. We first summarize the Deligne–Kazhdan theory [Del84, Kaz86].
7.1.1. Definition. Let K be a local field of characteristic l > 2, a local field K ′/Ql of
characteristic 0 is m-close to K if
OK/̟
m
K
∼= OK ′/̟
m
K ′ .
For any local field K/Fl and any m ∈ Z≥1 there exists a local field K ′/Ql which is j-close
to K for all j ≤ m. Typical examples of m-close fields are Fl((t1/m)) and Ql(l1/m). The
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method of close fields provides a useful tool to translate problems in positive characteristic
to characteristic 0.
(1) Let G
(u)
K (resp. G
(u)
K ′ ) denote the ramification groups with respect to upper num-
bering. If K and K ′ are m-close, then there exists an isomorphism
Delm : GK/G
(m)
K
∼−→ GK ′/G
(m)
K ′ ,
which is compatible with local class field theory. Note that this also holds when
GK and GK ′ are replaced by WK and WK ′ .
(2) Let (ρ, V ) be a continuous finite dimensional L-representation of GK such that
G
(m)
K acts trivially, and let (ρ
′, V ) be the representation of GK ′ acting via the
isomorphism Delm. Their corresponding Weil–Deligne representations φ = WD(ρ)
and φ′ = WD(ρ′) have the same L-factors
L(s, φ) = L(s, φ′).
(3) For a given j ≥ 1, there exists a large enough m ≥ j such that if K and K ′ are
m-close, then there exists an isomorphism of Hecke algebras
ζj : H(G
′, K′j)
∼−→ H(G, Kj).
7.1.2. Local langlands correspondence for close fields. Let K and K ′ be m-close fields and
suppose that m is large enough so that ζj is an isomorphism. Then ζj induces a bijection
between
{π ∈ An(K) such that π
Kj 6= 0} ←→ {π′ ∈ An(K
′) such that (π′)K
′
j 6= 0}
We denote the set on the left (namely isomorphism classes of irreducible admissible rep-
resentations with nontrivial Kj vectors) by An(Kj), and similarly the set of the right by
An(K
′
j). Let Gn(m) (resp. G
′
n(m)) denote the set of isomorphism classes of Weil–Deligne
representations of WK (resp. of WK ′) that factor through WK/G
(m)
K (resp. WK ′/G
(m)
K ′ ),
then Delm also induces a bijection
Delm : Gn(m)
∼−→ G′n(m).
Moreover, suppose m is sufficiently large (for example m ≥ 2n−1j), then the bijections ζj
and Delm are compatible under the local Langlands correspondence (cf. Subsection 3.1.3).
More precisely, the following diagram commutes:
An(Kj) An(K
′
j)
Gn(m) G
′
n(m)
recn
ζj
recn
Delm
THE BREUIL–ME´ZARD CONJECTURE FOR FUNCTION FIELDS 63
7.2. The main theorem revisited. Now we apply the method of close fields to show
that the Breuil–Me´zard conjecture for K/Fl((t)) can be deduced from the number field case.
Theorem 7.1. Fixed n, l, p where l 6= p. If the Breuil–Me´zard conjecture (either part
(1) or part (2) of Conjecture 4.5) holds for all local number fields K ′/Ql and all mod p
representations ρ′ : GK ′ → GLn(F), then the corresponding conjecture also holds for all
local function fields K/Fl and ρ : GK → GLn(F).
Corollary 7.2. Suppose K is a local function field over Fl((t)) and ρ : GK → GLn(F) a
continuous representation, where l > 2 and p 6= l, then part (1) of Conjecture 4.5 holds.
Proof. This is because the corresponding conjecture (namely without fixing χ) holds for
all local number fields for l > 2, by the main theorem of [Sho18]. 
Proof of Theorem 7.1. In view of the corollary above, we work with Rρ in this proof (with-
out fixing a character χ) for convenience, the other case is similar. We need to show that,
for each σ ∈ RL(K), if red(σ) = 0, then red(cyc(σ)) = 0 ∈ Z(R

ρ /λ). We will prove this for
one σ at a time, by applying the Deligne–Kazhdan theory of close fields. Since σ has finite
length, it factors through K/Kj for some j ≥ 1. Now choose m large enough such that
• ζj : H(G
′, K′j)
∼−→ H(G, Kj) is an isomorphism.
• ρ : GK → GLn(F) factors GK/G
(m)
K and G
(m)
K contains the Wild inertia.
• The compatibility under local Langlands correspondence holds (cf. Subsection
7.1.2).
Now let K ′/Ql be a local field m-close to K (in fact we may choose K ′ such that it is
m′-close to K for all m′ ≤ m).
• Define K′ = GLn(OK ′) and K
′
m as in Subsection 7.1.1.
• Let σ′ be the element of RL(K
′) obtained from σ through the quotient K′ → K′/K′m
∼=
K/Km, since Km acts trivially on the virtual representation σ.
• Let ρ′ : GK ′ → GK ′/G
(m)
K ′
∼= GK/G
(m)
K
ρ
−→ GLn(F) be the mod λ representation
obtained from the isomorphism Delm.
Since both G
(m)
K ′ and G
(m)
K are pro-l, all deformations of ρ (resp. ρ
′) still factors through
G
(m)
K (resp. G
(m)
K ′ ), therefore we have an isomorphism between deformation rings
Rρ
∼= Rρ′ .
Let τ ∈ IGaln be a Galois inertia type which appears in R

ρ (namely that R
,τ
ρ is non-
empty), then τ factors through IK/G
(m)
K
∼= IK ′/G
(m)
K ′ , which specifies a Galois inertia type
τ ′ such that R,τ
ρ′
is non-empty. The isomorphism between Galois deformation rings induces
an isomorphism R,τρ
∼= R
,τ ′
ρ′
, for example by comparing L-points on each irreducible
components. We claim that
m(σ, τ) = m(σ′, τ ′)
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for each pair τ and τ ′ described above, this will finish the proof of the theorem since by
assumption we have red(cyc(σ′)) = 0, which implies that red(cyc(σ)) = 0 since the claim
forces cyc(σ) = cyc(σ′) under the identification SpecRρ
∼= SpecRρ′ .
Now take an irreducible generic representation π of tempered type τ (which corresponds
to inertia type τ by Lemma 3.4). This gives rise to a non-degenerate L-point x on SpecR,τρ .
The Weil–Deligne representation associated to x is recn(π). Let x
′ be the image of x under
the isomorphism SpecRρ
∼−→ SpecRρ′ , so x
′ is the GK ′ representation obtained from x
from the isomorphism Delm, which is in particular Frobenius semisimple. Let π
′ be the
(isomorphism class of) irreducible admissible representation associated to x′ under the local
Langlands correspondence. Note that L(s, ad recn(π)) = L(s, ad recn(π
′)) by the theory
of close fields, therefore π′ is also generic (since L(s, ad recn(π
′)) does not have poles at
s = 1). To prove the claim is suffices to show that πKj |K and (π
′)K
′
j |K′ are isomorphic as a
K/Kj = K
′/K′j representation, since
m(σ, τ) = dimHomK(σ, π|K) = dimHomK/Kj (σ, π
Kj |K)
and σ is isomorphic to σ′ as K/Kj representations by construction.
From the compatibility of ζj and Delm (namely Subsection 7.1.2), we know that (π
′)K
′
j |K′
and πKj |K are isomorphic as H(G
′, K′j)
∼−→ H(G, Kj)-modules. This in turn implies that
they are isomorphic as K/Kj representations, since the action of g ∈ K can be recovered
from its Hecke action by g · v = egKm ⋆ v where egKm is the characteristic function on gKm
and ⋆ denotes the Hecke action. This completes the proof of the theorem. 
7.3. The Breuil–Me´zard conjecture for a subclass of representations over num-
ber fields. As mentioned in the introduction, we can run this argument in the reverse
direction, and recover partially the results of number fields. To this end, let R
(m)
L (K) be
the subgroup of RL(K) generated by irreducible smooth representations of K which factor
through Km := GLn(OK/̟
m
K).
Corollary 7.3 (of Theorem 4.13). Suppose that p 6= n(n− 1)(l − 1). Let K ′/Ql be a local
number field with ramification index e and m an integer such that 2n−1 ·m ≤ e. Then there
exists a cycle map cyc : R
(m)
F (K)→ Z(R
,χ
ρ /λ) making the following diagram commute:
R
(m)
L (K) Z(R
,χ
ρ )
R
(m)
F (K) Z(R
,χ
ρ /λ)
red
cyc
red
cyc
Proof. SinceK ′ has ramification index e over Ql, there exists a local function field K/Fl((t))
which is e-close to K ′. For example, one may choose K = Flf ((t
1
e )) where f is the residue
degree [OK ′/̟K ′ : Fl]. The corollary follows from essentially the same proof of Theorem
7.1, with the role of K and K ′ interchanged. 
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Remark 7.4. The bound e ≥ 2n−1 ·m makes this corollary practically useless, especially
if n is large. The problem here is that, for a fixed K ′/Ql, the quotient OK ′/̟nK ′ for n large
is no longer of characteristic p. It might be possible to extract all cases of the number
fields from Theorem 4.13 using Langlands base change for GLn, though we have not tried
hard enough in that direction.
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